SAMPLING LOW-FIDELITY OUTPUTS FOR ESTIMATION
OF HIGH-FIDELITY DENSITY AND ITS TAILS*
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Abstract. In a multi-fidelity setting, data are available under the same conditions from two
(or more) sources, e.g. computer codes, one being lower-fidelity but computationally cheaper, and
the other higher-fidelity and more expensive. This work studies for which low-fidelity outputs, one
should obtain high-fidelity outputs, if the goal is to estimate the probability density function of the
latter, especially when it comes to the distribution tails and extremes. It is suggested to approach
this problem from the perspective of the importance sampling of low-fidelity outputs according to
some proposal distribution, combined with special considerations for the distribution tails based on
extreme value theory. The notion of an optimal proposal distribution is introduced and investigated,
in both theory and simulations. The approach is motivated and illustrated with an application to
estimate the probability density function of record extremes of ship motions, obtained through two
computer codes of different fidelities.
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1. Introduction. In modeling physical phenomena, it is common to have several
models of varying fidelity and computational cost, with higher fidelity associated
with greater cost. In such multi-fidelity (MF, for short) settings, there has been
considerable effort by many researchers recently on how questions about a high-fidelity
output Y can exploit information about the corresponding low-fidelity output X.
Peherstorfer et al. [24] categorizes MF strategies into three types, each applicable
across various objectives: “adaptation”, where high-fidelity information is used to
enhance the lower-fidelity model [13, 14]; “fusion”, which involves the combined use
of multiple models [8, 21, 25]; and “filtering”, where the low-fidelity model is explored
to determine where to evaluate the high-fidelity model [20, 22, 25]. Some studies,
including some cited, can fall under multiple types. This paper considers the following
problem of the filtering and fusion types, described next starting with our motivation.

The application of our interest concerns modeling ship motions (and especially
their extremes) in Naval Architecture. The motions are considered for a ship in
irregular (random) waves, and will be driven by a random wave height (¢, x) at time
t and location x. Assuming for simplicity the case of head or following waves with
one-dimensional z, the commonly used Longuet-Higgins model postulates that

Ny
(1.1) C(t,x) = Zan cos (knz — wpt +€5),
n=1
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Fig. 1: Left: Heave motion for LAMP and SC. Right: LAMP versus SC heave record
maxima. The dashed line is the 45° line.

where w,, > 0 form a set of typically equally spaced frequencies, k,, are the so-called
wave numbers (e.g., k, = w2 /g in deep water with the gravitational acceleration con-
stant g), and a, > 0 are deterministic amplitudes (expressed through some spectrum
function evaluated at w,). The number of frequencies N,, is in the order of a few
hundreds. The ounly random components in (1.1) are the so-called random phases
€, taken as independent and uniformly distributed random variables on (0, 27). See
[18] and [15]. In computer experiments, simulations are run with (1.1) for records
of certain length in time ¢ (e.g., 30 minutes). Each record is thus associated with a
particular set of random phases {sn}ﬁgl,
confused with frequencies w,,) used to generate ¢, = ¢, (w), n=1,..., N,. Random
seeds can also be thought (and relabeled) as record numbers, i.e., 1, 2, 3 and so on.
Given the same random excitation (1.1) associated with some random seed or

or a particular random seed w (not to be

record number, researchers in Naval Architecture use a range of computer codes to
generate ship motions and related quantities. For example, two such codes to be
referred to below are SimpleCode (SC; [35]) and Large Amplitude Motion Program
(LAMP; [17, 31]). The two codes differ in the underlying physics which is not relevant
for this work, with LAMP being higher fidelity. At the same time, SC is computa-
tionally more efficient: if a 30-minute record of ship motions takes about 2-3 seconds
to generate for SC, this time could be 15-20 minutes or longer for LAMP depending
on what outputs are sought.

The point to keep in mind is that LAMP and SC will generate different ship
motions even for the same excitation (1.1) or record number (random seed). Figure 1,
left plot, illustrates this for one of the ship motions, heave, over a time window of 100
secs; this is for a particular ship hull geometry, wave conditions, heading, and so on.
Figure 1, right plot, presents the scatterplot of heave maxima of LAMP and SC for
20 randomly selected records of 30-minute length each. Such data for many records
could be used to make statements about the occurrence of extremes. Viewing this
as a MF setting discussed above, the high-fidelity output ¥ = Y (w) is the LAMP
record heave maximum, and the low-fidelity output X = X (w) is the SC record heave
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Fig. 2: Left: LAMP versus SC heave record maxima including pairs of points corre-
sponding to SC records with 20 top and 20 bottom maxima heave records amongst
2,000. Right: LAMP versus SC roll record maxima including pairs of points cor-
responding to SC records with 20 top and 20 bottom maxima roll records amongst
2,000.

maximum, where w is the same record number (random seed). The data presented
in Figure 1, right plot, would be denoted (X7,Y7),..., (X209, Ya), where (X;,Y;) are
ii.d. copies of (X,Y).

In connection to extremes, we are interested in this work to estimate the high-
fidelity PDF (probability density function) of Y, denoted fy (y), and especially its
tails, leveraging additional data of the low-fidelity output X. Furthermore, as it is
computationally inexpensive to generate X, we assume that we can have much more
data for X than for Y. Importantly, note also that in the application setting described
above, X can be generated without the corresponding Y. This suggests that we may
be more selective for which values of X = X (w), and hence their corresponding record
numbers (random seeds) w, we should generate the corresponding expensive values
Y (w). If the goal is estimating fy (y) further in the tails (larger and smaller y), and
if X and Y are strongly correlated, it would make sense to generate Y for larger and
smaller observed X’s (so that Y would potentially be larger and smaller). This idea
is illustrated in Figure 2. The left plot of the figure is a scatterplot akin to the right
plot of Figure 1 and contains the points of the latter under “rd” or “random” but
additional points are added as follows. 2,000 SC records are generated first. Among
these, 20 record numbers (and the corresponding random seeds) are identified having
20 largest record heave maxima among the 2,000 SC records. Then, LAMP records
are generated for these 20 record numbers and the corresponding LAMP /SC record
maxima pairs appear in the scatter plot as the “tt” or “(top) top 20” points. The
“tb” or “(top) bottom 20” points are obtained similarly but for 20 record numbers
with the smallest record maxima among the 2,000 SC records. Again, since the range
of Y-values is larger compared to random sampling, such selective sampling (we use
a more technical term and method “importance sampling” below) should be more
advantageous when using lower-fidelity X to inform inference about higher-fidelity Y.
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We also note that such benefit is expected if X and Y are strongly correlated. Strong
dependence is not necessarily guaranteed, even for the same record numbers (random
seeds). Figure 2, right plot, depicts an analogous scatterplot but for another motion,
roll, where the dependence between X and Y is weak.

With our goal and selective sampling procedures discussed above, we are inter-
ested in the following questions:

Q1: What is an optimal way to sample X-outputs (records) and generate the

corresponding Y-outputs, so that the estimation of the PDF fy (y) is best?

Q2: For potential sampling schemes, what are the estimators of the PDF fy (y)

in the first place? How does one quantify their statistical uncertainty?

Q3: Should estimation of the PDF be treated separately in the tails, where less

(or no) data are available, and how?

Though our application is in Naval Architecture, the framework and questions
presented above should be of interest in other MF settings where randomness under-
lies quantities of interest (Qol’s). A typical example is a PDE modeling a physical
phenomenon with uncertain parameters assumed to be random. A high-fidelity model
is a high-fidelity discretization of the PDE, while a low-fidelity model is its approxima-
tion, for example, using proper orthogonal decomposition or other surrogate approach.
Examples are many in related literature on MF methods for failure probabilities, con-
ditional value at risk (CVaR) and other Qol's. CVaR is considered, for example, in
[11, 10], where PDEs with random parameters were for a convection-diffusion-reaction
problem and a heat problem (for a thermal fin) with certain temperature quantities
and their CVaR being of interest. MF estimation of a failure probability is considered,
for example, in [23] for the displacement of a cantilever beam assuming its length is
modeled by a random variable. As in this work, there is emphasis on distribution
tails in failure probability and CVaR. However, we are interested in the whole PDF
(rather than some fixed value associated with it) and our sampling methods involve
the lower-fidelity values themselves (rather than the underlying random variables,
usually low-dimensional). (Some recent work on MF estimation of the whole distri-
bution of Qol’s though is available; see [9]. Some recent work also considers sampling
issues in higher-dimensional setting, as sampling €,,, n =1,..., Ny, in (1.1) with N,
in a few hundreds; see [26].)

Another notable MF setting with several computer codes (DNS, RANS) is model-
ing of turbulent flows. In some instances, one is similarly interested in the uncertainty
propagation of random input parameters on turbulence Qol’s; see, e.g., [33, 29]. Fi-
nally, we note that computer models are also considered with inherent randomness
(generating random response for fixed conditions and referred to as stochastic com-
puter models) where our methods could potentially be of interest; see, e.g., [16].

To answer the questions Q1-Q3 above, we work in a fairly general framework
described in more detail in section 2 where we also revisit the questions of interest
using its notation and explain key aspects of our approach. The methods behind our
approach are considered in section 3. In section 4, we extend our discussion to the
distribution tail based on the extreme value theory and section 5 further addresses
related issues of sampling and estimation. Data illustrations, in both simulations and
the ship application, can be found in section 6. Section 7 concludes.
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Fig. 3: Hlustration of the framework and the notation of this work.

2. Setting with notation and key elements of approach. The setting mo-
tivated by the application of section 1 is as follows. The (real-valued) variables X
and Y will refer to the corresponding lower- and higher-fidelity outputs (e.g. motion
record maxima for SC and LAMP in our application). We shall sometimes write
“lo-fi” and “hi-fi” for lower-fidelity and higher-fidelity. The variable (X,Y’) can be
defined as a vector and can be viewed as X = X(w), Y = Y (w), where w is a sample
point (random seed or record number in our application). Define

fx(z) : PDF of X (sampled at random),

@1) fy(y) : target PDF of Y when X follows fx(x).
The PDF fy (y) is for Y sampled at random as well, but we describe it as in (2.1) for
better comparison below and to follow our application, where for such X (sampled
by fx(x)), there is a corresponding value of Y. We refer to fy(y) as the target PDF
because our ultimate goal is its estimation.

In practice, fx(z) could be estimated from:

(2.2) Xo.1,---,Xo,n, : data for estimation of fx(z).

As X is associated with the less expensive low-fidelity outputs, the data (2.2) for
a large sample size Ny could in principle be generated, without the corresponding
outputs of Y. In Figure 2, one can think of Ny = 2,000. In section 6 with numerical
studies, Ny ranges from 10° to around 107. For visual illustration, we will refer to
Figure 3, where the values of X ; are marked on the horizontal lo-fi X axis, and a
hypothetical PDF fx (z) from which X ; are sampled is added to the plot. Naturally,
there are more data points (marks) Xy ,; where the PDF is larger.

The PDF fx(z) will need to be used in our selective (importance) sampling
approach below. Note, however, that from the data (2.2), one can expect to estimate
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fx (z) well only over:
(2.3) (xr,xgr): range of x to estimate fx(z).

The larger Ny, the larger (z,xr) is expected. We marked this range qualitatively in
Figure 3 as well. We discuss the choice of zy,xg in subsection 5.3.1. For simplicity
of the argument, we shall suppose henceforth that the PDF fx(z) can be estimated
well enough so that it can be assumed to be known over this range, that is,

(2.4) (xr,zr): range of x to assume fx(x) is known.

The PDF fx(z) is not assumed to be known outside the range (zr,zR).

Over the range (xr,xg) in (2.3), less data X; can be resampled according to
another, so-called proposal PDF px (z), 1, < ¢ < xgr. In our application, we think
of X; as sampled from {X ;| Xo,; € (zr,xr)}. For the selected X;, the corresponding
values of Y; can be obtained. In Figure 3, we depict a uniform PDF px (z) and a few
points (X;,Y;) sampled from this selective (importance) scheme. Summarizing, we
have

px(x) : proposal PDF for z € (z1,zR),
(2.5) X; € (xp,zgr) : sampled from X ; according to px (x),
Y; : the corresponding Y-values of X;.

Again, the number of X;’s should be much smaller than Ny, since hi-fi Y; are now
generated as well. The purpose of px (z) is to resample fewer X ;’s while still covering
the observed range (zr,zR).

We would like to use the data Y; to estimate the target PDF fy (y). The PDF is
depicted in Figure 3 along the hi-fi Y-axis, with the question of what estimator fy (y)
to take indicated as well. In the approach taken below, we will effectively rely on
a well-known and widely used kernel-based PDF' estimator with suitable importance
weights. It will be important that fx (z) is assumed to be known for x € (2, zg) as in
(2.4), since both px (z) and fx (z) will define the importance weights for x € (zr,,zR);
see (3.6)—(3.7) below.

There is one additional important element that we want to bring to the discussion
above. Note that we thus far excluded from our discussion any outputs Xo; > zr or
Xo,s < zr. These outputs, however, potentially carry a very useful information about
extremes of X and, if X and Y are strongly dependent, also about extremes of Y.
See Figure 2. In fact, we would like to work with a proposal PDF gx (z) that samples
(ideally all) extreme outputs Xo ;. Such density will be constructed in section 3 below.
It is noted in Figure 3 along one point (X;,Y;) with the largest X;. Summarizing and
introducing another notation:

gx(z) : proposal PDF for the whole range of x,
X1,...,Xn : sampled from Xy ; according to gx (), including
(2.6) '
extremes of Xo ;,
gy (y) : PDF of Y when X follows gx ().
Again, we think of N in (2.6) as being much smaller than Ny in (2.2).
With the introduced notation, the questions of section 1 can be rephrased as:
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Q1: What px(x) should be taken? Is there an optimal way to do so?
Q2: How is the estimator fy(y) of fy(y) defined?
Q3: What is the difference between px (z) and gx(z)? How are the tails of fy (y)
estimated?
We address these questions in sections 3 and 4 below. In some of our developments
in section 3, we shall assume that X and Y are related through one of the following
cases:

Homoscedastic : Y = m(X) + oe,
Heteroscedastic : Y = m(X) 4+ o(X)e,

where € has mean 0, variance 1 and is independent of X. The most general bivariate
relationship between (X,Y’) can be expressed as Y = m(X)+n with m(X) = E(Y|X)
and n =Y — m(X) having mean 0. But note that (2.8) does not capture this most
general form since not every n can be expressed as o(X)e, with € independent of X.

Remark 2.1. We look at (2.7) or (2.8) as a “first-order” model where interesting
relationship between Y and X is captured through the mean function m(z). Other
interesting scenarios exist but will not be considered here. For example, m(zx) could
take one of two different function values mq (z) and ms(z), sampled according to some
mixture distribution.

3. Methods.

3.1. Importance sampling scheme and target PDF estimator. Recall
the notation (2.1)—(2.6) in section 2. Motivated by the discussion in that section, we
suggest to take the proposal PDF gx(x) in (2.6) as

Ix(x) .
- fz<
CLP(XS.TL)’ nrsaxrg,
gx(z) = co px (), if xp, <z < g,
Ix(x) )
(3.1) CRm7 if z > zp,
cr, fx(@|X <zp), ifz <z,
= ¢o px (z), ifrx, <z <zxg,

cr fx(x|X >zR), ifx>xpg,

where 0 < ¢p,co,cr < 1 and ¢, + ¢9 + cg = 1, and fx(x|A) denotes the PDF
conditioned on event A.

Several comments regarding (3.1) are in place. The choice of ¢y, co, cr ensures
that gx(x) is a PDF, i.e., it is positive and integrates to 1. It also means that when
sampling N observations from (3.1), about Nc¢y, of the observations should come from
x <zp, Nco from x;, < x < g, and Ncg from z > xr. The form of gx (x) for x < zj,
and z > xr is motivated by the discussion in section 2: for example, for x < xp, it
means effectively that all the observations X ; with Xy ; < 2, can be included in the
sample selected according to (3.1). This is desired as motivated in section 2; see also
Figure 3. Indeed, the presence of fx(x) in (3.1) means that we sample at random as
we did with Xg ;. We just need to make sure that xy, is chosen so that there will be
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about Nc¢y, observations X ; with X ; < xr. As there are about Ny P(X < 1) such
Xo,; observations, this will be achieved when

(32) NCL = N() P(X S ZL’L).

In practical terms, letting Xo 1.n, < Xo,2:7, < -+ < Xo,Ng:N, be the order statistics
of X, the relation (3.2) holds with

(33) Xy = XOJ‘LZN()? r, = NCL.

Similarly, to include all observations Xy ; with X¢; > zr in the importance sample,
we need

(34) NCR = NO P(X Z xR),

and in practical terms,
(3.5) TR = Xo,(No—rr+1):No> TR = Ncg.

Though we present 7, 7 as resulting from NV, ¢y, cg, one could fix r,rg in practice,
which for fixed IV, would determine cy,,cr. We discuss further the choice of r,rg in
section 5 below. The choice of the PDF px(z) in (3.1) is considered in subsection 3.2.
How we sample from px () to obtain one of the observations X ; with z, < Xo; < zg
is explained in section 5.

If X;,..., Xy denote the sample from the proposal PDF gx(x), e.g. that in (3.1),
and Y7,...,Yn are the corresponding values of Y, a natural kernel-based estimator
of fy(y) is then

N
(3.6) Foelo) = 3 Kaly — Yiu(Xo),
=1

where Kj,(u) = h™1K(h~'u) for a kernel function K and bandwidth h > 0, and the
weight function w(z) is given by

(3.7) w(z) =

For gx(x) in (3.1), the weight function is

1
—P(X <zp), ifz<uzyg,

cr
1 fx(x) -
3.8 w(x) = — , ifxy, <z <zxpg,
38) (@) co px () : "
—P(X >zg), ifz>uzg.
CR

The kernel function K is assumed to integrate to 1, that is, f K (u)du = 1. In practice,
we work with the Gaussian kernel K(u) = ¢(u), where ¢ is the standard normal
density function. On several occasions below, we should refer to the localization
property of the kernel function K, which states that [ G(z)Kj(y — 2)dz ~ G(y) as
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h — 0, for a function G(z) continuous at z = y [6]. For example, this implies that
Ew(X)Kn(y—Y) = [w(z)f(z,2)Kn(y — 2)dzdz ~ [w(z)f(z,y)dz, where f(z,y) is
the joint PDF of (X,Y).

The importance sampling weight function (3.7) involves the PDF fx (z) on zp <
x < zr and the exceedance probabilities P(X < xp) and P(X > zg). The other
quantities (cr, co, cr, px(x), 1, zr) are chosen by the user. As noted around
(2.4), we assume effectively that fx(z), 5, < z < g is estimated well enough to be
assumed as known. We shall assume the same about P(X < z) and P(X > xg).
These issues are considered further in subsection 5.3.1.

Finally, we note that the statistical uncertainty of fy (y) in (3.6) can be charac-
terized in a straightforward way through

-~ 1
@9 Var(fy (y)) = 5 Var(Kn(y - Y)w(X))
3.9
1 1
= FE(Ky — YPPw(X)?) = 3 (EEu(y — V(X))
The quantity in the parentheses of the second term in (3.9) can be estimated by
(3.6). Similarly, for the first term, the expected value can be estimated through

(1/N) S Kn(y — Yi)?w(X;)2.

3.2. Optimality of proposal PDF. We are interested here in the selection of
the proposal PDF px(z), 1 < x < zg, in (3.1) and (3.6)—(3.7). By considering the
homoscedastic case (2.7) without the noise € in subsection 3.2.1, we propose the notion
of optimality for this selection. This choice is then examined for the homoscedastic
case with noise in subsection 3.2.2 and the heteroscedastic case in subsection 3.2.3.

3.2.1. Noiseless homoscedastic case. We consider here the case (2.7) with
o =0, that is,

(3.10) Y = m(X).

We ask what an optimal px (z) would be in this hypothetical scenario (see also Re-
mark 3.2 below) in terms of the variablility of fy(y) in (3.12). We consider below
two cases: monotone m and piecewise monotone m. We assume implicitly that m is
differentiable where it is monotone.

Monotone m: Consider the case of monotone increasing and differentiable m in
(3.10). We have

_ fx(m™ )

(3.11) Ty (v) i (mi(y)

The analogous expression relates gy and gx. For these PDFs, recall the definition in
(2.1) and (2.6). Observe further as in (3.9) that

NVar(fy (y)) = Var (Kn(y = Y)uw (X))
= EKy(y — Y)Pw(X)? — (EK,(y - Y)w(X)).

(3.12)
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For the second term in (3.12), by using the localization property of the kernel function
discussed in subsection 3.1, as h — 0,

EKu(y — Y)w(X) = EK(y — YV)uw(m™' (V)

Ll ) _ ()
fgy(y) ( (y)) - gY(y)gX(m_l(y)) - m/(m_l(y)) - fY(y),

where we used (3.11) twice, with gy, gx first and then with fy, fx. Similarly, for
the first term in (3.12), by setting ||K|[|3 = [; K(u)?du and considering the kernel
function Ky(u) = K(u)?/|| K3,

By~ V)w(X)? = S RER, () - Vyw(m (1)

(313) = L2 i ) = gy D0
UK fxnG)? IKIE )
haxn Tt w) b Y i)

Thus, with sufficiently small h, the following approximation can be derived:

NVar(fy (y) _ [IK]3 m'(m~(y))
fry)?  —  hogx(m™'(y))

When gx is set to be the PDF fx, this becomes

-1

(3.14)

NVar(fAY(y))NHKH% LI
Ny? o h i)

by using (3.11). That is, the normalized variance will typically be larger in the

distribution tails, where fy (y) is smaller. (A separate but related issue is whether
one has data of Y in the tails in the first place; this issue should be kept in mind in

(3.15)

subsequent developments.)

The notion of optimality that we adopt is to require that the variance of the
estimator ]?y(y), relative to fy (y), is constant across y. As optimality concerns the
proposal PDF px(z) defined for z; < = < zg, we consider m(zr) < y < m(zg).
That is, we seek:

NVar(fy (y))
fr(y)?

In view of (3.14), the optimality translates into m’(m~1(y))/gx(m~'(y)) being con-
stant or

(3.16) Optimality : ~const, m(xy) <y < m(xg).

(3.17) gx(z) xm/(z), xp <z <zg.

Since gx(x) x px(x) for x;, < x < xg, this translates into:
(3.18)
m'(z)

Optimal proposal PDF : px(z) = Cm/(z) = m(zgr) —m(xr)
R L

, o < < ITR.



LOW-FIDELITY SAMPLES FOR HIGH-FIDELITY DENSITY ESTIMATION 11

Ezample 3.1. If m(z) = ax, the optimal px in (3.18) is px(z) = 1/(xr — x1),
x € (xr,xR), that is, it is uniform on (zy,xr). We remark that uniform sampling is
optimal in our criteria for linear relationships.

Remark 3.2. We emphasize again that the setting (3.10) is hypothetical, serving
as a means to investigate what an optimal choice of px could be therein. The suggested
optimal choice of px is investigated in more realistic scenarios in subsections 3.2.2
and 3.2.3. We note that (3.10) is trivial as far as the main goal of estimating fy
goes since (3.11) provides an exact relation to get it from fx (which we assume to be
known for xp, < x < zR).

Remark 3.3. Assuming gx (z) = px (z) for simplicity, the proposed optimal PDF
in (3.18) ensures the constant relative variance in (3.14) as: for m(zrz) <y < m(zg),

Var(fy () o K (m(zr) —m(zr) 1

(319 Ty (0)? N N

Note that there is no guarantee a priori that the constant on the right-hand side of
(3.19) is small. But the constant can be made as small as desired by choosing large
enough N, that is, sampling sufficiently many data points.

Remark 3.4. Another interpretation of the optimality criterion (3.18) is to con-
sider the integrated (relative) error, namely, in view of (3.14), the quantity

(3.20) /’"“R) I

(1) gx(m=*(y)) . 9x (@)

What density gx minimizes (3.20)? If one is willing to assume smoothness of gx, the
Euler-Lagrange equation (with the Lagrange multiplier for the density constraint)
leads to gx satisfying: for some constant C,

(m/(2))? _
(3.21) @ T C =0,

that is, gx (z) o« m/(z) as in our optimality criterion (3.17). While considering (3.20)
leads to the same optimality criterion, there may be other interesting criteria to
consider based on different objectives.

Piecewise monotone m: The arguments above extend easily to the case of
piecewise monotone m. For such m, we partition (zr,xr) into intervals {A;}7_; so
that, when m is restricted to A;, the resulting function m; : A; — R is monotone.
Let (yr,yr) be the (interior) range of m on (xy,zg). For the developments below,
we need to assume that the values of m(z) are outside the range (yr,yr) where
r < xp or x > xr. When larger values of y are expected for larger values of x, this
effectively assume that m(x) > m(zg) for x > zr and similarly for < z;. Under
the assumptions above, note that

fx(m;'(y))
im’(m; " (y))]

(3.22) =Y

j=1

Ly e m(4)), yr <y <Yrs
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where 1(y € B) is the indicator function for a set B. The analogous relation holds for
gy and gx replacing fy and fx. Then, by arguing as in (3.13) above, one has that

(3.23) EKMnyfw@m2z|

|K|13 Z Fx(mj () L(y € m(4;)),

he = gx(m3 " (y)lm/ (m7 " (y))]
for y;, < y < yr. When will this be proportional to fy (y)?? In view of (3.22), one
can achieve the desired optimality relationship (3.16) by requiring

fx(mfl(y))
gx(m> (y) x —————, yem(4,), j=1,...,n,

or, equivalently,

fx ()

3.24 gx () X ——————, =z <z <ZR.

(324 ) @)

In the monotone case n = 1, fy (y) = fx(z)/|m/(z)| and we find that gx (z) x |m/(z)]
as in (3.17). Since gx(z) x px(x), 2L < x < xR, we propose to require:

(3.25) Optimal proposal PDF : px(z) x _fxl@) xr, < < ZR,

Py (m(@)’

where fy is given by (3.22).

Ezample 3.5. Let m(x) = 22, z;, = —1,2r = 1 and fx(z) = ¢, = € (-1,1) (ie.
X is uniformly distributed on (—1,1) when conditioned to this interval). m is clearly
not monotone but is monotone on the intervals A; = (—1,0] and Ay = (0,1). The
range of m over (—1,1) is [0,1) and hence (yr,yr) = (0,1). Let m; and mg be the
functions obtained by restricting m to these intervals, A; and A, respectively. For
any y € (0,1), |m/(mi " (y))| = |m'(m3 " (y))| = 2,/7. It follows that

_ Sxm @) L fx(my ') e e

T m i) I my W) 2V 2V B

Thus, the relation (3.25) becomes

fx(@x) ¢
Px(@) < Fo@) = ol

fy () 0<y<1.

=lz|, -l1<z<l1.

This has the behavior we expect: the optimal proposal prefers points closer to the
boundary of the support of X, which are lower probability points for Y. See also the
remark below.

Ezample 3.6. Let x;, = —3,2r = 3, fx ~N(0,1) and
18(x+1.2) +12  ifx < -12
m(z) = —10z, if —12<2<1.2,
18(x — 1.2) — 12, ifz > 12

Here, the monotone function mi, ms, m3 are linear and defined on intervals A; =
(=3,-1.2], A2 = (—1.2,1.2], A3 = (1.2, 3) respectively. For every value in the range
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—12 < y < 12, there is z; such that x; = m; '(y) € A; for i = 1,2,3. Given the
relation (3.25) and the fact that fx is standard normal, among 1,2, and x3, the
point xo will have a higher value in the proposal PDF since the denominators are
the same and zo is closer to the peak of fx. This example is further explored in
section 6. Observing the panel labeled “m2, known m” in Figure 5, it is evident that
for —12 < y < 12, most z-values are sampled in the central linear region. Note that
the weight assigned to the obtained sample will be as in (3.8) and, when combined
with (3.25), it results in w(x) o fy(m(x)). Thus, regardless if sample values come
from A, As, or As, their contributions to fy in (3.6) will be the same. Figure 6b
confirms that the target density estimation using the optimal proposal PDF performs
well.

Remark 3.7. For monotone m, the suggested form of the proposal PDF px () is
given by (3.18). This suggests that the favored regions for sampling are determined
by the rate of change of Y with respect to X. That is, if the change in Y with respect
to X is slight, a small sample from that region would be sufficient to estimate the
distribution of Y. Conversely, if the change in Y in relation to X is abrupt, a higher
sampling rate is necessary to accurately estimate the distribution of Y.

3.2.2. Homoscedastic case. In the case (2.7) with ¢ > 0, many of the argu-
ments above could be repeated but the resulting expressions do not allow for a closed
form solution as in (3.17). We shall indicate instead what the optimal choice (3.17)
entails in the case (2.7) when o > 0. Assume first monotone increasing m. Let

Y =m(X)

sothat Y =Y + oe, and
1) = [ oty =2 i

where fi and f. are the PDFs of Y and €, respectively.
For the second term in the variance (3.12), we have

EKy(y — YV)w(X) ~ /w(x)f(x,y)dz

- / w(z) f(y|2)gx (2)dx = / F k) fx (@)dz = fy (),

where f(z,y) and f(y|z) refer to the joint and conditional PDFs, respectively. For
the first term in the variance (3.12), arguing similarly as in the noiseless case (the
asymptotic relation ~ in (3.13)), we have

EK,(y—Y)2w(X)? = LEEEK, , (y—YV)w(X)? = LEER(E(K, , (y—0e—T)w(X)?]e))

o LB (g (g - oepoim 2y — 00)2) = LB 1y — e ZM W =090

If the optimal choice (3.17) is used, this becomes

2
EK,(y — Y)Qw(X)2 ~ C@Efg(y — 0‘6)2
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and hence

NVar(fy () _ IKIBESp(y — 00
(3.26) T A S o L
Note that
(3.27) Efpy—0e® _ [ fyly—273f(2)dz

rw? ([ fyly—2)Lif(2)dz)?

describes quantitatively the deviation of (3.26) from being constant over y. The
smaller o is, the smaller this deviation is.

The formula (3.26) generalizes easily to the case of piecewise monotone m over a
partition {A4;}" ; of (x1,xR), as considered in connection to (3.24). Indeed, we have
as in (3.23),

~ n =Ly — eV (1 — oe € m( A
E(K2,h(y—06—Y)w(X)2‘6>ngx( i (y—09))"1(y o € m(4;))

= gx(my 'y — o€))lm/(mj " (y — o€))|

Plugging in gx (z) = C~! fx(x)/ f3 (m(z)) from (3.24) leads to

—06)fx(m;*(y — 0€))*L(y — oc € m(4;))

9 n g
EK,(y — Y)w(X)* = C||£(”2EZ I3y

s Fx(m3(y = oo))lm/(m; (y — o))l
- Ulgy 003 . )
_ KBy ey
Thus,
(3.28) NVar(fy () _ CIKIBEfy(y —00®

yw)? —  h fy (y)? ’

which agrees with (3.26) when m is monotone.

3.2.3. Heteroscedastic case. We suggest to think of the heteroscedastic case
(2.8) in more practical terms, namely, as the problem of variance stabilization through
a traditional Box-Cox transformation. For example, if m(x) > 0, 1 +¢ > 0 and
o(z) = m(x), then

(3.29) logY =logm(X)+log(l+e) = m(X)+7

allows one to fall back to the homoscedastic case (2.7). We explore here the implica-
tions of such transformations on our problem of interest.
More generally, suppose that

yP_1

— p>0 . ~
3.30 7 = Y)= p = X
(3.30) (Y) { log Y, pzo} m(X) + 1,
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where 7,(y) is the Box-Cox transformation. (Note that this assumes implicitly that
Y > 0.) The choice p = 0 is considered in (3.29) and corresponds to ¥ = eZ
Xl = M X)Eeh 4 e™(X) (e — Rel), that is, the heteroscedastic case m(z) =
™ X Eel and o(x) o< m(z). For p = 1/k, k € N, it follows from (3.30) that

Y = (pZ+1D)YP = (pi(X) + 1+ pi) /P = (m(X) +7)* = m(X)* + km(X)* g+ ..,

where m(x) = pm(z) + 1 and 7 = pr. This case corresponds approximately to the
heteroscedastic case

(3.31) m(z) = m(x)* = (pm(z)+1D)Y?,  o(x) occm(z)* " = m(zx) "% = m(x) P,
E.g., for p = 1/2, o(z) oc m(x)'/2.

It is interesting to examine the effect of the transformation (3.30) on our choice
of optimal proposal density (3.18). Continuing with the above case p = 1/k, k € N,
note that (3.31) implies that

~ m(xz)? —1
R )
and that the optimal gx is
(3.32) px(z) oc /() c m(z)P~Y, L <x <R

Ezample 3.8. For p = 1/2, m(x) = z, o(x) o 2'/?, the choice (3.32) yields
px (z) oc 271/2. In contrast, without the transformation in the homogeneous case of
this example, px () x 1.

Another issue in the heteroscedastic case is what density is exactly estimated (fy
or fz), and through what method. The discussion above involves a transformation to
go from Y to Z, and subsequent optimality refers to estimating f as in (3.6), that
is,

N
(3.33) Fz(2) = Z Kn(z — Z)w(X;).

As fy(y) = 7,(y) fz(p(y)), on one hand, it is natural to set

o~ o~

(3.34) fy (W) = 1,() f2(1(y))-

Note that with this choice,

Var(fy (1)) _ Var(fz(r,(y))

(3.35) Fr ()? T2 ()2

So, for example, if the right-hand side of (3.35) is (nearly) constant, then so is the
left-hand side.
On the other hand, we also note that the estimator (3.34) is close to a kernel-based
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estimator of fy obtained directly from Y; in the following sense. Indeed,

1 & 1
S 2 Kaly = Youw(Xs) = + > K (y— 7,1 (2) Jw(X,)
i=1 i=1
N
= = > K (7 () — 7 (20))w(X))
1 1;1
~ 5 K (7 () () — Z0)w(X:)
1_11 N
= Tzl)(y)ﬁ ZKhT,Q(y) (7p(y) — Zi)w(X5)

or

N
1
N Z Kz ) (Y = Yi)w(Xs) = 7(y) f2(7p(y))-
i=1
That is, one can think of the estimator (3.34) as the kernel-based estimator of fy (y)
but using a location-dependent bandwidth.

4. Modified estimator for target PDF tails. The estimator fy(y) in (3.6)
is defined for any y in principle. As with the estimation of fx discussed in section 2
and subsection 5.3.1, however, the estimator fy(y) is expected to be meaningful
only for y € (yr,yr) and suitable yr,,yr. For example, one could naturally expect
min;—... N Y; < yr and ygr < max;—1,. nY;. We discuss the choice of yr,yr in
subsection 5.3.1 and also in connection to the presentation below, in subsection 5.3.2.
We consider here a natural way to estimate fy (y) beyond the thresholds yz, and yg.

The idea is to exploit the so-called second extreme value theorem, or the Pickands-
Balkema-De Haan theorem, stating that (essentially) any distribution above high
enough threshold can be approximated by the generalized Pareto distribution (GPD).
See, for example, [3] and [5]. Motivated by this observation, we define our final
estimator of the target PDF fy (y) as

Cr 95, 5, —yr), ify=yr,
Fm) N _ " .
(4.1) v (y) = Frw), if yr <y <y,
cp-9¢,5,(—W—uy)), fy<yr.

Here, fy (y) is given by (3.6), ¢}, and ¢, are normalizing constants, and ge g(u) is the
PDF of GPD given by

l(1+5—“)*%*1, u> 0, if € >0,

B ) B
(4.2) ge p(u) = Be—%, u >0, if ¢ =0,
%(14—%)’%’1, O<u<—§, if € <0,

where ¢ and [ are the shape and scale parameters. The GPD parameter estimates
ER,BR in (4.1) are based on the data Y; > yg, and fL,ﬂL on the data Y; < y.
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In practice, we use maximum likelihood estimation and, more precisely, its weighted
version, since Y;’s are obtained from importance sampling. The importance sampling
weights are given by w(X;) with w(x) defined in (3.8). Additionally, we use

N
(4.3) O = BV 2 yn) = 1 D10 2 yn)u(Xo)

and analogously for ¢, as the normalizing constants. Since ¢}, ¢j and fy(y) in (4.1)
are estimates, the estimator (4.1) need not integrate exactly to one. Thus, additional
normalization can be applied if needed. Numerical illustrations are postponed till
section 6.

5. Related sampling and estimation issues. We first introduce a sampling
algorithm based on the proposal PDF (3.1) in subsection 5.1. We then discuss the es-
timation of the mean function in subsection 5.2, followed by the selection of thresholds
in subsection 5.3.

5.1. Sampling low-fidelity outputs by proposal PDF. We discuss here
how to sample N pairs (X;,Y;) based on the distribution gx proposed in (3.1). As
X represents the less expensive low-fidelity outputs, we first generate the set Xy =
{Xo0,1,-..,Xo,n, } through Ny distinct random seeds. This set X, serves two primary
purposes: it provides a baseline set of X values upon which further sampling can be
applied, and it enables the generation of the corresponding Y values, since each X ; in
X is linked to a specific random seed that can be used to produce its Y counterpart.

To sample N values from gx, we refer to the discussion in subsection 3.1. Specif-
ically, we expect about rz sample points in (—oo, 2], rg sample points in [z g, 00),
and the rest in (zr,xzr). Also, we define xj, as the smallest rpth order statistic from
Xy as in (3.3) and similarly for g in (3.5). Accordingly, we include all X, ; values
where X¢; < z, and analogously for Xy; > xr. For the range z; < X < xR, we
first sample N — r;, — rg values from px, and then pick the nearest neighbor from
Xy without replacement. As a result, we are able to sample N values of X from
Xy, which allows for the generation of the corresponding Y values via the shared
underlying random seed. The procedure is summarized in Algorithm 5.1.

Algorithm 5.1 Sampling Strategy from Proposal PDF (3.1)
Input: initial parameters Ng, N, rp, rr

1. sample Xq1,...,Xo,n, from fx

2. determine x;, = X, :n,, TR = X07(NO—TR+1)ZNO

s sample N —rp —rg points from px, find the nearest neighbor in {Xo 1,..., Xo,n, }
without replacement, and store these values as X, +1,..., Xn_rp

4. obtain {le---;XN} == {XO,i:N07 1 S ’I“L}U{Xi, ry, + 1 S ) S N —
rr}U{Xo0,i:N,s @ > No — 7 + 1}

sample Y; given X = X

Output: Sample (X1,Y7),...,(Xn, Yn).

o

5.2. Estimation of mean function. As discussed in subsection 3.2, the pro-
posal PDF px is constructed using both the mean function m and the PDF fx.
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However, since m is not commonly known in practice, our sampling scheme should
be adapted to include its estimation. This section elaborates on how we modify our
sampling scheme to progressively learn and update estimates of m and px.

To begin our sampling scheme, we need to obtain an initial estimate of m, denoted
as m(®. To do this, we start by obtaining a small initial set of (X_;,Y_1),...,
(X—ng, Y_p,), where X is sampled uniformly within the range (zr,xr). Note that
the sampling follows analogously the procedure in subsection 5.1. Then, we propose
to use piecewise linear regression (PLR) explained in more detail below to derive an
estimate for m that best fits this data. The rest of our sampling scheme is iterative in
nature. At iteration ¢, given that we have (=1 we estimate px based on (3.25) using
the plug-in estimator M~ . We then draw a new X, from px and its corresponding
Y;. Then, we obtain m () using the updated dataset. This process is repeated until we
collect the desired sample of size J\Nf7 ie,t=1,..., N. In particular, when estimating
the target PDF fy, the initial ny data points are excluded.

Regarding the specifics of estimating m, we employ piecewise linear regression
(PLR), which presents several advantages. PLR ensures monotonicity within each seg-
ment, allowing for straightforward computations of inverse functions and derivatives.
To be specific, suppose that the resulting monotone components are {my,..., M }.
BEach component m; is linear and defined over the interval A; = (x(;),2(j41)). The
points (z(;y,%(;)) serve as breakpoints for these piecewise linear segments, such that
T(1) = Tp, T(j41) = TR, T(j) < (g1, and y) = mj(x(;) for all j. Consequently,
for z(;y < x < x(j41), the equation for m(z) is given by

N TG+ — X )
(5.1) o) = (U Y g+ (S50 ) g
v — oy ) 0P \wgay — vy ) TUTY

Then, we can derive the quantities needed for (3.22) as

-~/

. Fagey and (e) = U0
YG+1) —YG) T(i+1) — L))

(5.2) T?Lj_l(y) _ <y — y(j+1)>(m(j+1) — x(]))
In our numerical studies in section 6, we utilized the R package segmented to obtain
PLR [19]. This package allows for PLR fitting by specifying the number of break
points. By evaluating the Akaike information criterion (AIC) for each model with the
varying number of break points, we selected the one with the lowest AIC to determine
the optimal number of break points as the best-fitted model.

Once an estimate m of m is obtained from the observed sample, we draw addi-
tional data points according to px. If the estimated m is monotone, the CDF of our
proposal PDF px, denoted as ]3X, is proportional to m, i.e., ]3X(:U) x m(z). Using
inverse transform sampling, we can then sample X as 13);1((] ), where U ~ Unif(0, 1),
which simply involves random sampling from uniform distribution. When m is piece-
wise monotone, sampling techniques such as Metropolis-Hastings or inverse transform
sampling can be used (e.g., [30]).

Our sampling procedure incorporating the estimation of m is summarized in Al-
gorithm 5.2. For illustration, Figure 4 further presents the samples obtained from the
proposal PDF px using Algorithm 5.1 with known m (left) and from the adaptive
sampling via Algorithm 5.2 with unknown m alongside with the final fitted PLR lines
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Algorithm 5.2 Adaptive Sampling Incorprating m Estimation
Input: PDF fx, thresholds zy and zp
1. sample (X;,Y;) where X; ~ Unif(xp,zg) fori=—1,...,—ng
2. construct DO = {(X;,Y;), i = —1,...,—ng}
s fit piecewise linear regression (PLR) to D(®) to obtain the initial estimate ()

and its monotone components {7,7 € J©}
. fort=1,...,N do

Fx (g, (v) _
5: J/i(;)(y) — 2jegu-n le(J—y]l(y e m(4;))

(g ()]

_ 5 fx (x) N
6: Px (x) $>(m(t—1>(x)) > construct px
7: normalize ]3()? onzry <x <ITR
8: sample (Xy,Y;) where X; ~ ﬁ()? > sample new point
o w(Xy) < W > update weights

Py (X¢)

. update DM = {(X_,.0, Y no), - (X1, Y1), (X1, Y1),y (X, Y2) )
. fit PLR to D® to obtain m® and its monotone components {7, € J®}
12 end for

Output: Sample (X1,Y1),..., (X5, Yx).

known m PLR

10-

-10-

50 25 0.0 25 5050 25 0.0 25 50
X

Fig. 4: Left: Sample obtained from the proposal PDF px with known m (Algo-
rithm 5.1) and the true m curve. Right: Sample obtained from the adaptive sampling
(Algorithm 5.2) and the final fitted PLR curve.

(right). The thresholds x; and xzg are indicated by the red vertical dashed lines in
the figure.

Remark 5.1. While this section mainly introduced PLR for function approxima-
tion, other methods like Gaussian process regression (GPR) and nonparametric kernel
regression are also applicable (e.g., [28, 34]). Focusing on GPR, when m is assumed
to have a prior distribution characterized by mean function mg and a positive semi-
definite covariance function k, one writes m ~ GP(myg, k), implying that for any
n-dimensional input vector x € R™,

m(x) ~ N (mo(x), k(x,x)).
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Given independent errors oe from (2.7) following a A'(0, 02) distribution, and observed
values X = (X3,...,X¢) and Y = (Y3,...,Y;), we have:

m|X’ Y ~ gP(m*’ k*)v

where
(5.3) m*(x) = mo(x) + k(z, X) (k(X7 X) + UQIt)il(Y —mp(X)),
GA4) KB =k E) - ke X) (X X) + oQIt)ilk(X, ),

where I, is an ¢ xt identity matrix. This conjugacy enables GPR to consistently update
the mean function with each new observation. Furthermore, derivative functions are
readily accessible without additional computational cost, making GPR an appealing
alternative.

Remark 5.2. Note that thus far, we treated the distribution of Y-values as being
equally important over its range. In some applications, however, the interest and
relevance might be greater for one of the distribution tails, for example, the right
tail associated with larger Y-values. We cannot completely decouple the sampling
of X-values across the two distribution tails as, a priori, larger Y-values could also
result from smaller X-values, especially in the case when the correlation between
X and Y is not strong. But if there is indication for strong correlation (as after
the preliminary step of Algorithm 5.2 having ng data points (X;,Y;)), note that our
subsequent sampling procedure could accommodate the situation where the emphasis
is placed on one tail only. For example, the left tail could be de-emphasized by
choosing c¢r, < ¢g in (3.1), and we could similarly reweigh the resulting density px (),
so that more weight is put on larger X-values.

5.3. Selection of thresholds.

5.3.1. Range for kernel-based estimation of PDF. We assumed in subsec-
tion 3.1 that the thresholds z, zp are given defining the range (xr,zr) where the
PDF fx(z) can be estimated well, say through the kernel-based estimator

N 1 Yo
(5.5) fx(z) = o Z Kp(z — Xo.4).

Furthermore, as in (3.3) and (3.5), we formulated the threshold selection as that of
rr and rg in the order statistics as x, = Xor,.n, and g = Xo (Ny—rg+1):N,- In this
section, we ask what r;, and rg (or, 1, and xr) should be taken in practice. Put
differently, for example in connection to rg, up to what largest value of Xg ;, could
one expect that fx(x) estimates fx (z) well?

Note that the same question is also relevant for the weighted kernel-based density
estimator fy(y) in (3.6) in view of the modified estimator f}(,m) (y) in (4.1) and the
selection of thresholds yr,yr. Furthermore, the choice of yr,yr here is connected
not only to the range (yr,yr) for the estimation of fy(y) but also to the use of
GPD beyond the two thresholds. The latter issue is discussed in subsection 5.3.2
below. There is though also a difference in the role played by fX (z) and fy(y) in our
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approach: while we seek (xzr,zr) where fX (z) can effectively replace fx(z), this is
not quite the goal with fy(y) and Ai(/m)
uncertainty properties. For this reason, we will focus on the question raised for ]?X(x)
and then make some comments concerning fy(y)

(y) which are viewed as estimators with certain

The question above concerning fx (x) seems rather basic but we are not aware of
previous works addressing it directly. Addressing it here fully goes beyond the scope
of this study. In fact, we shall restrict our discussion to making a few related points
and more practical recommendations. We shall consider a related but slightly simpler
question, for example concerning the right tail of the distribution, on how large zg
(or rg) one can take so that the empirical tail probability

o~ No
(5.6) Fx(xgr) = NLO > 1(Xo > xr)

i=1
estimates the true tail probability F(zgr) = P(X > xg) well. The first discussion
below can be adapted for fx(x) but we are not aware if this has been done for fx(x)
with the second discussion below.

First, the question above about Fx(xp) can be addressed through the following
more informal argument. Note that the variance of the estimator is given by

= 1
(5.7) Var(Fx(zgr)) = FP(X >2r)(1 —P(X > zR)).
0
Then, the variance relative to the tail probability is approximately in the tail:
58) Var(Fx(er)) 1 1-P(X >ap) 1 1
‘ Fx(zr)?  No P(X>zr) ~ NoP(X>ap) rg’

where rr is the number of observations Xy ; > xgr. This suggests that the relative
variance could be made small practically speaking when rg = 10 or larger. In our
numerical studies in subsections 6.1 and 6.2, we use rg = 25.
Second, the informal argument above can be put on a more solid footing as follows.
We can similarly seek to understand the behavior of
Fx (Xo,(wo—r+1):v0) _ No

(5.9) — = Fx (Xo,(Ng—r+1):No)-
Fx(Xo,(No—r+1:No) |~ 1

As Fx(X) is a uniform random variable U on (0, 1), note that Fx (Xo (n,—r+1):n,) i8
the order statistic U,.n,. It is known (e.g., [1]) that

(5.10) Ur.N, ~ Beta(r,Ng +1—r),
where Beta(-,-) denotes the Beta distribution. It follows that

Fx(Xo,(No—r+1):No ) __No

(5.11) — 1Beta(r, No+1—71)=:&ng,r

Fx(Xo,(Ng—r+1):Np)
Observe that

NO r
T*1N0+17

2
(5.12)  Eéy,, = No ) ( r(No+1—7)

Var(Eny.r) = (7,1 No+ 1)2(No +2)°
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As r is increasing, Var(y, ) is decreasing and E&y, , approaches 1 (for large Ny),
showing that the ratio in (5.9) will tend to be closer to 1 as well. Furthermore, for
any r, the ratio in (5.9) has bounded variability.

We have explored similar questions numerically for the weighted kernel-based
estimator fy(y) in (3.6). We similarly found that taking, for example, rth largest
value for the upper bound yr of the estimation range seemed to control variability,
though a deeper study would also be warranted.

5.3.2. Generalized Pareto fit. Note that for the modified estimator in (4.1),
for example, yg is not only the upper bound up to which to use fy (y), but also the
threshold above which to fit the GPD. From the latter perspective, the threshold
selection is a well-studied problem in extreme value theory. The methods range from
more ad hoc (e.g., [3], Section 4.3.1) to more sophisticated (e.g., [4]). They are not
the focus of this study. In our numerical studies, we use a fixed number of observation
above threshold across different replications.

6. Numerical studies. This section presents a simulation study and an appli-
cation to evaluate the performance of the proposed methods. Subsection 6.1 contains
results for some representative cases, followed by further discussion in subsection 6.2
on several related points. The reproducible R code for the presented simulations is
available at https://github.com/mjkim1001/MFsampling. Subsection 6.3 contains an
application to ship motions.

6.1. Illustrations for several informative cases. In this section, we pres-
ent numerical illustrations of the proposed density estimators and sampling schemes
through a set of informative cases. We present mean functions m; for three distinct
scenarios, i = 1,2, 3, each representing a different type of relationship: m;j corre-
sponds to a monotone relation, ms to a piecewise monotone relation, and mg, which
involves an exponential function, is used to exemplify a heteroscedastic relation. The
mean functions are as follows:

my(x) = 3z,
Bxz+12)+12 ifz<-1.2
mo(x) = —10z, if —1.2<2<1.2,
18(x —1.2) — 12, if x> 1.2,
ms(x) = e/2.
For examining the piecewise monotone and heteroscedastic scenarios, we generate
X from a certain normal distribution. On the other hand, to assess the monotone
scenario, we generate X according to the density

Cez"=°% ifx < —4,
fi(z)y={ Ce 2%, if —4<a<A4,
Ce*%I%, if x >4,

1
1z—6
2

where C' is a normalizing constant. This distribution is constructed to follow a normal
distribution at the center and to have heavier tails at the extremes. The distributions
of ship motions tend to have such shape (e.g., [2]). Another rationale behind this


https://github.com/mjkim1001/MFsampling

LOW-FIDELITY SAMPLES FOR HIGH-FIDELITY DENSITY ESTIMATION 23

m1 m2
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10.0 0.0 25 5.0 75 10000 25 5.0 7.5 10.0
X

Fig. 5: Mean functions m, their PLR estimates, and the samples obtained via Algo-
rithm 5.1 (known m) and Algorithm 5.2 (PLR).

Table 1: Settings and parameters for each mean function in the density estimation.

m scenario Ix o(x) Ny N rr rg h
mi  Homoscedastic fh 6 6-105 150 25 25 3
ms  Homoscedastic  N(0,1) 6 10 150 25 25 3
m3  Heteroscedastic N'(5,1) %e®?  10° 150 25 25 0.15

design is to induce curvature changes at the distribution tails, as can be seen in
Figure 6a. This allows investigating how well each estimator captures these variations
at the tails and understanding the role of GPD thresholds.

Figure 5 depicts the mean functions m and their corresponding PLR estimates.
The specific settings and parameters associated with each mean function are given
in Table 1. Based on these settings, the figure presents the results of obtaining
N = 150 data points sampled from the proposal PDF with both known m through
Algorithm 5.1 and PLR estimates via Algorithm 5.2. This offers insights into how
the drawn samples are distributed. The red dashed lines in the figure indicate the
thresholds xy, and xgr. For the heteroscedastic case, Figure 5 depicts the obtained
samples of the variable Y (labeled as “m3 - Y”) and the transformed variable Z =
log(Y) (labeled as “m3 - Z”), as discussed in subsection 3.2.3. The points for Y are
sampled as if the relation was homoscedastic.

Figure 6 compares various sampling strategies and the estimated density results
under the settings given in Table 1, repeated 100 times. Black points (lines) represent
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Fig. 6: Estimated versus true log-PDF over 100 realizations for various sampling
strategies.
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the density estimates over the observed range from the smallest to largest value Y;,
while blue points correspond to the density estimates computed (extended) beyond
this range. The true log density values are marked by red lines, while green dashed
lines indicate the 25th smallest and largest Y observations, which also serve as the
thresholds for the GPD fitting when the modified estimator is used. Throughout
this section, we use the following terms in the labels to denote the distinct sampling
strategies: “random” represents results from random sampling of Y; “optimal” and
“PLR” show results obtained using the optimal proposal PDF via Algorithm 5.1 and
Algorithm 5.2, respectively; any label with “modified” signifies the use of the GPD
fit in the tail, as discussed in section 4. In Figure 6, labels with “- N” or “- NO” refer
to the sample size used to compute the estimator. If not specifically indicated, the
results are based on a sample size of N observations.

For Figure 6a, which concerns the monotone function my, the following observa-
tions can be made:

e Using our proposal PDF in (3.1), we considerably widen the observed sample
range and the range where the target PDF is estimated reasonably well. This
is also evident when contrasting the green dashed lines in “random - N” and
“optimal - N” panels.

e Even with a substantially larger sample size Ny, kernel density estimation is
challenging in the tails due to data scarcity, as observed in “random - N0O”. In
regions with little or no data, the estimates tend to conform to the shape of
the kernel, in our case Gaussian, which is parabolic on the log scale. For our
kernel density estimation in (3.6), both the “optimal” and “PLR” estimates
also take the Gaussian kernel shape in the far tails, particularly outside the
observed range.

e The modified estimator in (4.1) successfully recovers the distribution tail
beyond the observed data, as in “modified - N” or “PLR modified - N” panels.
From the true density curve for m1, note a curvature change around y = +30.
For GPD fitting to work well, thresholds must be set beyond these points. A
more detailed discussion on this can be found in subsection 6.2.1.

For my, our optimal, modified, and PLR estimates approximate well the true density
curve and accurately capture the curvature changes in the distribution tails. Further
discussion on the optimality of the choice of px is postponed to subsection 6.2.2.

Figure 6b provides results for the piecewise monotone function my. Many of the
observations for Figure 6a apply for Figure 6b as well. Here, a noticeable curvature
change occurs around y = +30 for the true density curve. The GPD fits start beyond
these thresholds, capturing the distribution tail.

Figure 6¢ presents results for the heteroscedastic scenario associated with mg. We
compare the “random - N7, “optimal - N”, and “modified - N” estimators across two
distinct schemes. The first-row panels, labeled “m3”, follow the approaches used in
Figures 6a and 6b, treating the scenario as homoscedastic. In contrast, the second-
row panels, denoted “m3 - transformed”, adhere to the procedures outlined in sub-
section 3.2.3. Here, we first transform the variable to Z = log(Y"), and subsequently
estimate fz via (3.33). The resulting estimators for fz are expected to exhibit similar
behaviors seen in earlier homoscedastic cases. We then compute fy using (3.34). The
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Fig. 7: Comparison of estimated log-PDF for m; across different Ny sizes.

“optimal - N” density estimate showcases improved performance achieved through
this transformation, especially evident in the right distribution tail. The “modified
- N” estimator also demonstrates its ability to capture the shape of the distribution
tail.

6.2. Discussion of other points.

6.2.1. Role of Ny and usefulness of GPD. In our setup, Ny needs to be
chosen first. This parameter is important for two main reasons: firstly, it dictates the
range where the target PDF could reliably be estimated; and secondly, it affects the
GPD threshold and potential usefulness of GPD. Figure 7 compares the performance
of “optimal” and “modified” results for m; with Ny = 10° and Ny = 6 - 10%, while
keeping N = 150 in both scenarios. The results show that a larger Ny widens the
range for reliable estimation. Moreover, when examining the “modified” results for
the two Ny values, it is evident that a smaller Ny leads to GPD fitting for too small
thresholds, failing to capture the curvature changes in the distribution tails. This
indicates that GPD fitting with inadequate Ny may not yield any benefits, as it does
not accurately represent tail behavior. Choosing a suitable threshold for GPD fitting
is arguably a delicate issue that should ideally be based on the underlying “physics”
of the studied phenomenon (e.g., [27]).

6.2.2. Optimality illustration. In subsection 3.2, we proposed the concept
of optimality as described in (3.16). Based on this definition, our optimal px was
derived to ensure that the scaled variance of the density estimator is approximately
constant within the GPD thresholds under the noiseless setting (3.10). Figure 8 offers
a visual illustration of this, showing the log of the empirical scaled variance for m,
and ms under noiseless and homoscedastic scenarios. The settings for all scenarios
are described in Table 2. We note that mg is now used with homoscedastic errors, in
contrast to subsection 6.1 which employed the heteroscedastic scenario.

In Figure 8, the “optimal” and “modified” methods yield identical estimators,
represented by the black solid line, in the middle range within the GPD thresholds,
marked by the green dashed lines. They diverge beyond the GPD thresholds, with
the modified estimator exhibiting lower variance. To compare against the optimal px,
we have included the case when px is the uniform density on the interval (x,zg),
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Fig. 8: Log of scaled variance for m; (top) and mg (bottom) under noiseless (left)
and homoscedastic (right) settings.

Table 2: Settings and parameters for each mean function in the optimality illustration.

m scenario fx o(x) No N r, rg h
my Homoscedastic f)h( 6 6-106 150 25 25 3
my Noiseless fh 0 109 150 25 25 0.5
ms3 Homoscedastic N (5,1) 6 108 150 25 25 3
ms Noiseless N(,1) 0 10° 150 25 25 1.5

which is labeled as “uniform”. All curves are plotted only over the ranges where data
are observed, since the estimates tend to be unreliable beyond this range, as shown
in Figure 6. For the case of random sampling, labeled “random”, we note that the
scaled variance is small around the center; however, increases rapidly moving away
from the center. Compared to the “random” case, our optimal px performs more
consistently over a wider range, particularly in the distribution tails. In the noiseless
setting, as expected from our optimality criterion, our results confirm that the scaled
variance for the optimal proposal PDF remains approximately constant within the
GPD thresholds.

When comparing the “uniform” and “optimal” approaches under homoscedastic
noise settings, we first note that uniform sampling is the best strategy for linear rela-
tionships according to our optimality criterion (see Example 3.1). Consequently, we
observed similar performance levels between the two approaches for the linear model
m1. To better highlight the differences, we examined the exponential function mg
under homoscedastic noise setting. As seen from Figure 5, the exponential relation-
ship with mg shows more evident nonlinearity, for which we expect our “optimal”
sampling strategy to be beneficial. Indeed, we observe that the “optimal” (or equiv-
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Fig. 9: Comparison of estimated log-PDF for m; (top) and mgs (bottom) between
“modified” and “uniform” methods.

alently “modified”) sampling strategy exhibits a lower scaled variance towards the
right distribution tails compared to the “uniform” approach within the green dashed
lines. The density estimation results for these settings are also illustrated in Figure 9,
showcasing comparisons across “modified” and “uniform” approaches in both noise-
less and homoscedastic scenarios for m; and ms. The variability also appears visually
smaller for the “modified” approach.

6.3. Application to ship motions. We illustrate here the considered approach
in the ship motion application discussed in section 1. As in the left plot of Figure 1,
we focus on LAMP/SC ship motions but consider the pitch motion for the same
ship in head seas, 10 kts speed and other conditions that are of little importance to
understanding the illustration. We consider LAMP/SC pitch record maxima Y/X
and are interested in estimating the LAMP pitch record maximum PDF fy(y). To
apply the importace sampling approach, we first generate Ny = 100,000 SC records.
The histogram and estimated density of these SC pitch record maxima X = X, i =
1,..., Ny, are depicted in Figure 10, left plot. This PDF is estimated using kernel
smoothing with a bandwidth of 0.2.

Having the estimate of the PDF fx(z), we need to decide on the proposal PDF
px (z). In general, Algorithm 5.2 can be employed for incorporating both mean func-
tion estimation and sampling. In our specific application, we proceed with a uniform
proposal PDF between r;, = 50 smallest and rr = 50 largest values (zr,zr) (no-
tably optimal when the mean function is linear). The proposal PDF is used to choose
N = 200 SC records and generate the associated LAMP record values. The right
plot of Figure 10 depicts a scatter plot of the sampled values, obtained using Algo-
rithm 5.1. This plot shows a (roughly) linear relationship between LAMP and SC
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Fig. 10: Left: Histogram and PDF of SC pitch record maxima based on 100,000
observations. Right: The scatter plot of LAMP/SC pitch record maxima obtained
via Algorithm 5.1 with “uniform” px.

outputs, supporting our choice of the uniform PDF on the interval (xp,zg).

We are now equipped to estimate the target PDF fy (y) through the importance
sampling estimator (3.6) and the modified estimator (4.1). The resulting density esti-
mates are presented in Figure 11, labeled as “uniform” and “modified”, respectively.
As in the simulations above, the estimates beyond the data range are depicted in
blue. For the kernel density estimates, we chose a bandwidth of h = 0.4. Regarding
the modified estimator, we set the GPD thresholds by selecting extreme observa-
tions among the Y values: the left threshold is set at the 55th smallest, and the
right threshold at the 30th largest observation. The estimated GPD parameters are
(€L, BL) = (—0.4766,0.4192) for the left tail and (£x, Br) = (—0.2104,0.4464) for the
right tail.

In addition to the density estimates, we have included approximate 95% confi-
dence intervals in the plot. To have non-negative density estimates, we employ the
delta method for constructing confidence intervals on the log-transformed estimates.
To be specific, for the kernel density estimate, we approximate the 100(1 — a)% con-
fidence interval for log fy(y) as

n Var J?Y Y
(6.1) log fy (y) £ 2z1-¢ ,\(7(2)),
fr(y)
where z1_g = 11— $) corresponds the upper 1— § percentile of the standard nor-

mal distribution, and Var(fy (y)) is obtained based on (3.9). The confidence interval
for fy(y) is then obtained by exponentiating this interval.

When implementing the modified estimator, the central part of the distribution
employs the kernel density estimate, and we use (6.1) for the confidence interval.
However, for the tails of the distribution, the density of a given target above the
threshold is defined by the product of the probability of exceeding a threshold (4.3)
and the PDF of GPD (4.2). For instance, the right tail estimate is ¢ - g¢, 5 (¥ —yr)
in (4.1). Assuming these two values are independent, the 100(1 — )% confidence
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Fig. 11: Log of estimated PDF fy(y) with approximated 95% confidence interval
when using “modified” and “uniform” approaches.

interval for this term is derived by calculating the 100y/1 — a% confidence interval for
each component term and multiplying the respective endpoints of these intervals.

Similar to the variance calculation for fy (y) in (3.9), the variance of ¢y is given
by

Var(cy) = %Var(]l(Y > yr)w(X))
(6.2)

= VE(L(Y > yr)u(X)?) — 1 (BLY > yr)uw(X))"

1
N

The 100y/1 — a% confidence interval for ¢ is approximated as

Var (&,
(6.3) exp logE'R:I:zHém E’E%R) ,

where \//a\r(E’R) is estimated based on (6.2) using empirical quantities. On the other
hand, for the PDF of GPD, ML estimators E and 3 are computed from the sample
Y1,...,Y,, which consists of r observations exceeding the specified threshold. Accord-
ing to [32], the large sample asymptotics of the ML estimators are given by

g—fo d, -1
(6.4) ﬁ<8ﬂ0>—>/\/(07w )s

where &y and Sy are the true values and

1 ( 1+&% —Bo
©) = (R

We note that (6.4) holds only when & > —1/2. In our practical application, we
adjusted the choice of GPD threholds to ensure the parameters satisfy this condi-
tion. Once the ML estimators (&, 8) are obtained, we independently draw 100 data
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points, (a,,ﬁb), b=1,...,100, from the asymptotic distribution (6.4), replacing the
true values & and By with 5 and B Then, in this parametric bootstrap approach,
the 100v/1 — a% confidence interval is approximated through the sample quantiles of
98, 5, (y), b=1,...,100. For other methods to set confidence intervals, see [7].

While the estimates for the “modified” and “uniform” approaches coincide be-
tween the GPD thresholds, we note from Figure 10 that they are quite different in
the distribution tails. The “modified” estimate, in particular, suggests lighter tails
than the “uniform” estimate. As discussed in subsection 5.3.1, we would not rely on
the latter approach beyond observed data depicted in blue in the figure.

7. Conclusions. In this work, we proposed an importance sampling framework
for choosing low-fidelity outputs to generate the corresponding high-fidelity outputs
and to estimate their PDF, with the emphasis on the tails. At the center of our analysis
lied the notion of optimal proposal PDF for importance sampling. The proposed
approach performed well in simulations and was illustrated on an application.

Several problems related to this work could be studied in the future. We noted
in section 1 that other approaches would seek importance sampling schemes for the
underlying random components of the system of interest, that is, the variable €,,, n =
1,..., Ny, in (1.1) for our application. In higher dimensions (large N, as in our
application), this is a challenging problem and when approaches to tackle it become
better developed, our method should be compared to them in terms of performance.
Moreover, incorporating costs of low- and high-fidelity outputs and considering more
than two sources of data, as explored by [9, 12, 25] and others, present another
interesting direction.
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