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A major challenge in contemporary data science is the develop-
ment of statistically accurate particle filters to capture non-Gaussian
features in large-dimensional chaotic dynamical systems. Blended
particle filters that capture non-Gaussian features in an adaptively
evolving low-dimensional subspace through particles interacting
with evolving Gaussian statistics on the remaining portion of phase
space are introduced here. These blended particle filters are
constructed in this paper through a mathematical formalism
involving conditional Gaussian mixtures combined with statis-
tically nonlinear forecast models compatible with this structure
developed recently with high skill for uncertainty quantifica-
tion. Stringent test cases for filtering involving the 40-dimen-
sional Lorenz 96 model with a 5-dimensional adaptive subspace
for nonlinear blended filtering in various turbulent regimes with at
least nine positive Lyapunov exponents are used here. These cases
demonstrate the high skill of the blended particle filter algorithms in
capturing both highly non-Gaussian dynamical features as well as
crucial nonlinear statistics for accurate filtering in extreme filtering
regimes with sparse infrequent high-quality observations. The
formalism developed here is also useful for multiscale filtering of
turbulent systems and a simple application is sketched below.

curse of dimensionality | hybrid methods

Many contemporary problems in science ranging from protein
folding in molecular dynamics to scaling up of small-scale

effects in nanotechnology to making accurate predictions of the
coupled atmosphere–ocean system involve partial observations of
extremely complicated large-dimensional chaotic dynamical sys-
tems. Filtering is the process of obtaining the best statistical esti-
mate of a natural system from partial observations of the true
signal from nature. In many contemporary applications in science
and engineering, real-time filtering or data assimilation of a tur-
bulent signal from nature involving many degrees of freedom is
needed to make accurate predictions of the future state.
Particle filtering of low-dimensional dynamical systems is an

established discipline (1). When the system is low dimensional,
Monte Carlo approaches such as the particle filter with its various
up-to-date resampling strategies (2) provide better estimates than
the Kalman filter in the presence of strong nonlinearity and highly
non-Gaussian distributions. However, these accurate nonlinear
particle filtering strategies are not feasible for large-dimensional
chaotic dynamical systems because sampling a high-dimensional
variable is computationally impossible for the foreseeable future.
Recent mathematical theory strongly supports this curse of
dimensionality for particle filters (3, 4). In the second di-
rection, Bayesian hierarchical modeling (5) and reduced-order
filtering strategies (6–8) based on the Kalman filter (9) have been
developed with some success in these extremely complex high-
dimensional nonlinear systems. There is an inherently difficult
practical issue of small ensemble size in filtering statistical sol-
utions of these complex problems due to the large computational
overload in generating individual ensemble members through the
forward dynamical operator. Numerous ensemble-based Kalman
filters (10–14) show promising results in addressing this issue for
synoptic-scale midlatitude weather dynamics by imposing suitable
spatial localization on the covariance updates; however, all these

methods are very sensitive to model resolution, observation fre-
quency, and the nature of the turbulent signals when a practical
limited ensemble size (typically less than 100) is used.
Recent attempts without a major breakthrough to use particle

filters with small ensemble size directly on large-dimensional
chaotic dynamical systems are surveyed in chap. 15 of ref. 15.
The goal here is to develop blended particle filters for large-
dimensional chaotic dynamical systems. For the blended particle
filters developed below for a state vector u∈RN , there are two
subspaces that typically evolve adaptively in time, where u=
ðu1; u2Þ, uj ∈RNj , and N1 +N2 =N, with the property that N1 is
low dimensional enough so that the non-Gaussian statistics of
u1 can be calculated from a particle filter whereas the evolving
statistics of u2 are conditionally Gaussian given u1. Statistically
nonlinear forecast models with this structure with high skill for
uncertainty quantification have been developed recently by Sapsis
and Majda (16–19) and are used below in the blended filters.
The mathematical foundation for implementing the analysis

step where observations are used in the conditional Gaussian
mixture framework is developed in the next section, followed by
a summary of the nonlinear forecast models as well as crucial
issues for practical implementation. The skill of the blended filters
in capturing significant non-Gaussian features as well as crucial
nonlinear dynamics is tested below in a 40-dimensional chaotic
dynamical system with at least nine positive Lyapunov exponents
in various turbulent regimes where the adaptive non-Gaussian
subspace with a particle filter is only 5 dimensional with excellent
performance for the blended filters. The mathematical formalism
for filtering with conditionally Gaussian mixtures should be useful
as a framework for multiscale data assimilation of turbulent signals
and a simple application is sketched below. An earlier strategy re-
lated to the approach developed here is simply to filter the solution
on an evolving low-dimensional subspace that captures the leading

Significance

Combining large uncertain computational models with big
noisy datasets is a formidable problem throughout science
and engineering. These are especially difficult issues when
real-time state estimation and prediction are needed such as,
for example, in weather forecasting. Thus, a major challenge
in contemporary data science is the development of statisti-
cally accurate particle filters to capture non-Gaussian features
in large-dimensional chaotic dynamical systems. New blended
particle filters are developed in this paper. These algorithms ex-
ploit the physical structure of turbulent dynamical systems and
capture non-Gaussian features in an adaptively evolving low-
dimensional subspace through particles interacting with evolving
Gaussian statistics on the remaining portion of the phase space.

Author contributions: A.J.M. designed research; A.J.M., D.Q., and T.P.S. performed re-
search; and A.J.M. and D.Q. wrote the paper.

The authors declare no conflict of interest.

Freely available online through the PNAS open access option.
1To whom correspondence may be addressed. E-mail: jonjon@cims.nyu.edu or sapsis@
mit.edu.

This article contains supporting information online at www.pnas.org/lookup/suppl/doi:10.
1073/pnas.1405675111/-/DCSupplemental.

www.pnas.org/cgi/doi/10.1073/pnas.1405675111 PNAS Early Edition | 1 of 6

A
PP

LI
ED

M
A
TH

EM
A
TI
CS

http://crossmark.crossref.org/dialog/?doi=10.1073/pnas.1405675111&domain=pdf&date_stamp=2014-05-13
mailto:jonjon@cims.nyu.edu
mailto:sapsis@mit.edu
mailto:sapsis@mit.edu
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1405675111/-/DCSupplemental
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1405675111/-/DCSupplemental
www.pnas.org/cgi/doi/10.1073/pnas.1405675111


variance adaptively (20) while ignoring the other degrees of free-
dom; simple examples for nonnormal linear systems (18) demon-
strate the poor skill of such an approach for reduced filtering in
general; for filtering linear nonnormal systems, the optimal reduced
basis instead is defined through balanced truncation (8).

Mathematical Foundations for Blended Particle Filters
Here we consider real-time filtering or data assimilation algorithms
for a state vector u∈RN from a nonlinear turbulent dynamical
system where the state u is forecast by an approximate dynamical
model between successive observation times, mΔt, and the state of
the system is updated through the use of the observations at the
discrete times mΔt in the analysis step. For the blended particle
filters developed below, there are two subspaces that typically
evolve adaptively in time (although that dependence is suppressed
here), where u= ðu1; u2Þ, uj ∈RNj , and N1 +N2 =N with the
property that N1 is low dimensional enough so that the statistics of
u1 can be calculated from a particle filter whereas the statistics of u2
are conditionally Gaussian given u1. Thus, at any analysis time step
mΔt, we have the prior forecast density given by

p−ðuÞ= p−ðu1ÞpG− ðu2ju1Þ; [1]

where pG− ðu2ju1Þ is a Gaussian distribution determined by the con-
ditional mean and covariance, pG− ðu2ju1Þ=Nðu−2 ðu1Þ;R−

2 ðu1ÞÞ.
We assume that the marginal distribution, p−ðu1Þ, is approximated
by Q particles,

p−ðu1Þ=
XQ
j=1

pj;−δ
�
u1 − u1;j

�
; [2]

with nonnegative particle weights, pj;− with
P

jpj;− = 1. Below we
sometimes abuse notation as in [2] and refer to the continuous
distribution in [1] and the particle distribution in [2] interchange-
ably. Here it is assumed that the nonlinear observation operator
GðuÞ maps RN to RM , with M observations at the analysis time,
mΔt, and has the form

v=GðuÞ+ σ0 =G0ðu1Þ+G1ðu1Þu2 + σ0; [3]

where G1ðu1Þ has rank M and the observational noise, σ0, is
Gaussian σ0 =Nð0;R0Þ. Note that the form in [3] is the leading
Taylor expansion around u1 of the general nonlinear observation
operator. Now, start with the conditional Gaussian particle dis-
tribution, p−ðu1; u2Þ given from the forecast distribution

p−ðuÞ=
XQ
j=1

pj;−δ
�
u1 − u1;j

�N�u −
2;j;R

−
2;j

�
; [4]

and compute the posterior distribution in the analysis step through
Bayes’ theorem, p+ðujvÞ∼ pðvjuÞp−ðuÞ. The key fact is the following.
Proposition 1. Assume the prior distribution from the forecast is the
blended particle filter conditional Gaussian distribution in [4] and
assume the observations have the structure in [3]; then the posterior
distribution in the analysis step taking into account the observations
in [3] is also a blended particle filter conditional Gaussian distri-
bution; i.e., there are explicit formulas for the updated weights, pj;+,
1≤ j≤Q, and conditional mean, u+2;j, and covariance, R+

2;j, so that

p+ðuÞ=
XQ
j=1

pj;+δ
�
u1 − u1;j

�N�u +
2;j;R

+
2;j

�
: [5]

In fact, the distributions Nðu+2;j;R+
2;jÞ are updated by suitable Kal-

man filter formulas with the mean update for u +
2;j depending non-

linearly on u1;j in general.

The proof of Proposition 1 is a direct calculation similar to
those in refs. 21 and 22 for other formulations of Gaussian
mixtures over the entire state space and the explicit formulas can
be found in SI Text. However, there is a crucial difference that
here conditional Gaussian mixtures are applied in the reduced
subspace u2 blended with particle filter approximations only in
the lower-dimensional subspace, u1, unlike the previous work.
Here we consider algorithms for filtering turbulent dynamical

systems with the form

ut =Lu+Bðu; uÞ+F; [6]

where Bðu; uÞ involves energy-conserving nonlinear interactions
with u ·Bðu; uÞ= 0 whereas L is a linear operator including
damping as well as anisotropic physical effects; many turbulent
dynamical systems in geosciences and engineering have the struc-
ture shown in [6] (23, 24).

Application to Multiscale Filtering of a Slow–Fast System. A typical
direct use of the above formalism is briefly sketched. In many
applications in the geosciences, there is a fixed subspace u1 rep-
resenting the slow (vortical) waves and a fixed subspace u2 rep-
resenting the fast (gravity) waves with observations of pressure
and velocity for example, which naturally mix the slow and fast
waves at each analysis step (15, 25–27). A small parameter e � 1
characterizes the ratio of the fast timescale to the slow timescale.
A well-known formalism for stochastic mode reduction has been
developed for such multiscale systems (28, 29) with a simplified
forecast model valid in the limit e→ 0 with the form

pðu1; u2ÞðtÞ= pðu1ÞðtÞpðu2ju1Þ
= pðu1ÞðtÞN ð0;R2Þ; [7]

where pðu1ÞðtÞ satisfies a reduced Fokker–Planck equation for the
slow variables alone and R2 is a suitable background covariance
matrix for the fast variables. A trivial application of Proposition 1
guarantees that there is a simplified algorithm consisting of a par-
ticle filter for the slow variables alone updated at each analysis step
through Proposition 1, which mixes the slow and fast components
through the observations. More sophisticated multiscale filtering
algorithms with this flavor designed to capture unresolved features
of turbulence have been developed recently in ref. 30.

Blended Statistical Nonlinear Forecast Models. Whereas the above
formulation can be applied to hybrid particle filters with conditional
Kalman filters on fixed subspaces, defined by u1 and u2 as sketched
above, a more attractive idea is to use statistical forecast models that
adaptively change these subspaces as time evolves in response to the
uncertainty without a separation of timescales. Recently Sapsis and
Majda (16–19) developed nonlinear statistical forecast models
of this type, the quasilinear Gaussian dynamical orthogonality
(QG-DO) method and the more sophisticated modified quasilinear
Gaussian dynamical orthogonality (MQG-DO)method for turbulent
dynamical systems with the structure shown in [6]. It is shown in refs.
16 and 17, respectively, that both QG-DO and MQG-DO have sig-
nificant skill for uncertainty quantification for turbulent dynamical
systems with MQG-DO superior to QG-DO although more cali-
bration is needed for MQG-DO in the statistical steady state.
The starting point for these nonlinear forecast models is a qua-

silinear Gaussian (QG) statistical closure (16, 18) for [6] or a more
statistically accurate modified quasilinear Gaussian (MQG) clo-
sure (17, 18); the QG and MQG forecast models incorporate only
Gaussian features of the dynamics given by mean and covariance.
The more sophisticated QG-DO and MQG-DO methods have
an adaptively evolving lower-dimensional subspace where non-
Gaussian features are tracked accurately and allow for the ex-
change of statistical information between the evolving subspace
with non-Gaussian statistics and the evolving Gaussian statistical
background. We illustrate the simpler QG-DO scheme below and
refer to refs. 17 and 18 for the details of the more sophisticated

2 of 6 | www.pnas.org/cgi/doi/10.1073/pnas.1405675111 Majda et al.

http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1405675111/-/DCSupplemental/pnas.201405675SI.pdf?targetid=nameddest=STXT
www.pnas.org/cgi/doi/10.1073/pnas.1405675111


MQG-DO scheme. The QG-DO statistical forecast model is the
following algorithm.
The subspace is represented as

uðtÞ= uðtÞ+
Xs
j=1

Yjðt;ωÞejðtÞ; [8]

where ejðtÞ, j= 1;⋯; s are time-dependent orthonormal modes
and s � N is the reduction order. The modes and the stochastic
coefficients Yjðt;ωÞ evolve according to the dynamical orthogo-
nality (DO) condition (31). In particular, the equations for the
QG-DO scheme are as follows.
Equation for the mean. The equation for the mean is obtained by
averaging the original system equation in [6],

d u
dt

= ðL+DÞu+Bðu; uÞ+RijB
�
vi; vj

�
+F: [9]

Equation for the stochastic coefficients and the modes. Both the sto-
chastic coefficients and the modes evolve according to the DO
equations (31). The coefficient equations are obtained by a di-
rect Galerkin projection and the DO condition

dYi

dt
=Ym½ðL+DÞem +Bðu; emÞ+Bðem; uÞ� · ei
+ ðYmYn −CmnÞBðem; enÞ · ei

[10]

with Cmn = hYmY p
n i. Moreover, the modes evolve according to the

equation obtained by stochastic projection of the original equa-
tion to the DO coefficients

∂ei
∂t

=M i − ej
�
M i · ej

�
; [11]

with

M i = ðL+DÞei +Bðu; eiÞ+Bðei; uÞ
+Bðem; enÞhYmYnYkiC−1

ik :

Equation for the covariance. The equation for the covariance starts
with the exact equation involving third-order moments with ap-
proximated nonlinear fluxes

dR
dt

=LvR+RL p
v +QF;s; [12]

where the nonlinear fluxes are computed using reduced-order
information from the DO subspace

QF;s = hYmYnYkiðBðem; enÞ · viÞ
�
vj · ek

�
+
�
YmYnYk

��
Bðem; enÞ · vj

�ðvi · ekÞ: [13]

The last expression is obtained by computing the nonlinear fluxes
inside the subspace and projecting those back to the full N-
dimensional space.
The QG statistical forecast model is the special case with s= 0 so

that [9] and [12] with QF;s ≡ 0 are approximate statistical dynamical
equations for the mean and covariance alone. The MQG-DO al-
gorithm is a more sophisticated variant based on MQG with sig-
nificantly improved statistical accuracy (16–18).

Blended Particle Filter Algorithms
The QG-DO and MQG-DO statistical forecast models are
solved by a particle filter or Monte Carlo simulation of the sto-
chastic coefficients YjðtÞ, 1≤ j≤ s from [8] through the equations
in [10] coupled to the deterministic equations in [9] and [12] for
the statistical mean and covariance and the DO basis equations
in [11]. Let EðtÞ= fe1ðtÞ;⋯; esðtÞg denote the s-dimensional

stochastic subspace in the forecast; at any analysis time, t=mΔt,
u1 denotes the projection of u∈RN to EðtÞ. Complete the dy-
namical basis E with an orthonormal basis E⊥ and define u2 at
any analysis time as the projection on E⊥ (the flexibility in
choosing E⊥ can be exploited eventually). Thus, forecasts by QG-
DO or MQG-DO lead to the following data from the forecast
statistics at each analysis time: (i) a particle approximation for
the marginal distribution

p−ðu1Þ=
XQ
j=1

pj;−δ
�
u1 − u1; j

�
[14]

and (ii) the mean u−2 and the covariance matrix

R=
�

R1 R12
RT
12 R2

	
; [15]

where R is the covariance matrix in the basis fE;E⊥g.
To apply Proposition 1 in the analysis step, we need to find

a probability density p−ðuÞ with the form in [1] recovering the
statistics in [14] and [15]. Below, for simplicity in exposition, we
assume linear observations in [3]. We seek this probability den-
sity in the form

p−ðu1; u2Þ=
XQ
j=1

pj;−δ
�
u1 − u1;j

�N�u−2;j;R−
2

�
[16]

so that [14] is automatically satisfied by [16] whereas u−2;j and R−
2

need to be chosen to satisfy [15]; note that R−
2 is a constant matrix

independent of j. Let hgðuÞi denote the expected value of g with
respect to p− so that, for example, hu1i= u−1 , hu2i= u−2 , and let
u1′= u1 − hu1i, u2′= u2 − hu2i denote fluctuations about this mean.
Part I of the blended filter algorithm consists of two steps:

Solve the following linear system to find the conditional mean
u2ðu1;jÞ= u −

2; j:

2
66664

p1u′11;1 ⋯ pQu′Q1;1
..
.

⋱ ..
.

p1u′11;N1
⋯ pQu′Q1;N1

p1 ⋯ pQ

3
77775

2
66664
u′12;1 ⋯ u′12;N2

u′22;1 ⋯ u′22;N2

..

.
⋱ ..

.

u′Q2;1 ⋯ u′Q2;N2

3
77775=



R12
0

�
: [17]

Note that this is an underdetermined system for a sufficiently
large number of particles, Q, and “–“ notation is suppressed here.

Calculate the covariance R−
2 in the u2 subspace by requiring

from [15] and [16]

R−
2 =R2 + hu2i⊗ hu2i−

Z
u2ðu1Þ⊗ u2ðu1Þpðu1Þdu1

=R2 −
Z

u2′ðu1Þ⊗ u2′ðu1Þpðu1Þdu1
=R2 −

P
j
u2;j′ ⊗ u2;j′ pj;−:

[18]

Any solution of [17] and [18] with R−
2 ≥ 0 automatically guaran-

tees that [14] and [15] are satisfied by the probability density in
[16]. Note that R−

2 is a constant matrix that does not depend on
the individual particle weights. This crucial fact makes part
II inexpensive.
Part II of the analysis step for the blended particle filter algorithm

is an application of Proposition 1 to [16] (details in SI Text).

Use Kalman filter updates in the u2 subspace to get posterior
mean and covariance u+2;j, ~R

+
2 .
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Update the particle weights in the u1 subspace by pj;+ ∝
pj;−Ij, with

Ij = exp

"
1
2

 
u +T
2; j

�
~R
+
2

�−1
u+2; j − u−T2; j

�
R−
2

�−1u −
2; j

−
�
v−GEu1; j

�TR−1
0

�
v−GEu1; j

�!#
: [19]

Normalize the weights pj;+ = pj;−Ij=
P

jpj;−Ij and resample.

Get the posterior mean and covariance matrix from the pos-
terior particle statistics fu1; j; u+2; j; pj;+g.
This completes the description of the blended particle filter

algorithms.

Realizability in the Blended Filter Algorithms. A subtle issue in
implementing the blended filter algorithms occurs in [17] and [18]
from part I of the analysis step; a particular solution of the linear
system in [17], denoted here as LU2 =F , may yield a candidate
covariance matrix, R−

2 , defined in [18] that is not positive definite;
i.e., realizability is violated. Here we exploit the fact that the
subspace for particle filtering is low dimensional so that in gen-
eral, the number of particles satisfies Q≥N1 + 1 so the linear
system LU2 =F is a strongly underdetermined linear system. The
empirical approach that we use here is to seek the least-squares
solution of LU2 =F that minimizes the weighted L2 norm,

XQ
j=1

��u2; j′ ��2pj: [20]

This solution is given as the standard least-squares solution
through the pseudoinverse for the auxiliary variable v2;j′ = p1=2j u2;j′ .
Such a least-squares solution guarantees that the trace of R−

2 ,
defined in [18], is maximized; however, this criterion still does
not guarantee that R−

2 =R2 −
P

ju2;j′ ⊗ u2;j′ pj is realizable; to help
guarantee this, we add extra inflation terms αj ∈ ½0; 1� such that

R−
2 =R2 −

X
j

αjpju2; j′ ⊗ u2; j′ :

Here the inflation coefficients αj can be chosen according to

αj = 1 if u′T2;j
�
R2 −

X
k

u2; k′ ⊗ u2; k′ pk

	
u2; j′ > e0;

αj = 1−
e0 − u′T2; j

�
R2 −

P
ku2; k′ ⊗ u2; k′ pk

�
u2; j′

pj
��u2; j′ ��4 ; otherwise;

where e0 � 1 is a small number chosen to avoid numerical errors,
and 1≤ j≤Q.
We find that this empirical approach works very well in

practice as shown in subsequent sections. An even simpler but
cruder variance inflation algorithm is to set R−

2 =R2 ≥ 0. Further
motivation for the constrained least-squares solution of LU2 =F
minimizing [20] comes from the maximum entropy principle
(24); the least biased probability density satisfying LU2 =F in
[17] formally maximizes the entropy of R−

2 ; i.e.,

u2; j′ = argmax log det
�
R2 −

P
jpju2; j′ ⊗ u2; j′

	

= argmax log det
�
I −
P

j

�
p1=2j R−ð1=2Þ

2 u2; j′
�
⊗
�
p1=2j R−ð1=2Þ

2 u2; j′
�	
:

[21]

The high-dimensional nonlinear optimization problem in [21] is too
expensive to solve directly but the small amplitude expansion,
detðI − eRÞ=−etr  R+Oðe2Þ of [21] becomes a weighted least-
squares optimization problem for the new variable, v2; j′ =
p1=2j R−ð1=2Þ

2 u2; j′ constrained by LU2 =F . If we choose R2 = I,
the least-squares solution from [20] is recovered. Whereas the
algorithm using v2; j′ has a nice theoretical basis, it requires the
singular value decomposition of the large covariance matrix,
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Fig. 1. Comparison of pdfs of the absolute val-
ues of the first two leading Fourier modes û7, û8

(Upper) and pdfs of the forecast error u−
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(Lower, only real parts are shown) captured by
different filtering methods.
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R2, and the solution in [20] avoids this expensive procedure. In-
cidentally, the max-entropy principle alone does not guarantee
realizability.

Numerical Tests of the Blended Particle Filters
Major challenges for particle filters for large-dimensional tur-
bulent dynamical systems involve capturing substantial non-
Gaussian features of the partially observed turbulent dynamical
system as well as skillful filtering for spatially sparse infrequent
high-quality observations of the turbulent signal (chap. 15 of ref.
15). In this last setting, the best ensemble filters require exten-
sive tuning to avoid catastrophic filter divergence and quite
often cheap filters based on linear stochastic forecast models are
more skillful (15). Here the performance of the blended particle
filter is assessed for two stringent test regimes, elucidating the
above challenges, for the Lorenz 96 (L-96) model (32, 33); the
L-96 model is a 40-dimensional turbulent dynamical system that
is a popular test model for filter performance for turbulent
dynamical systems (15). The L-96 model is a discrete periodic
model given by

dui
dt

= ui−1ðui+1 − ui−2Þ− ui +F;     i= 0;⋯; J − 1; [22]

with J = 40 and F the deterministic forcing parameter. The model
is designed to mimic baroclinic turbulence in the midlatitude
atmosphere with the effects of energy conserving nonlinear ad-
vection and dissipation represented by the first two terms in [22].
For sufficiently strong constant forcing values such as F = 5, 8, or
16, the L-96 model is a prototype turbulent dynamical system that
exhibits features of weakly chaotic turbulence (F = 5), strongly
chaotic turbulence (F = 8), and strong turbulence (F = 16) (15,
24, 34). Because the L-96 model is translation invariant, 20 dis-
crete Fourier modes can be used to study its statistical proper-
ties. In all filtering experiments described below with the blended
particle filters, we use s= 5 with 10,000 particles. Thus, non-
Gaussian effects are captured in a 5-dimensional subspace
through a particle filter interacting with a low-order Gaussian
statistical forecast model in the remaining 35 dimensions. The
numbers of positive Lyapunov exponents on the attractor for the
forcing values F = 5; 8; 16 considered here are 9, 13, and 16,
respectively (34), so the 5-dimensional adaptive subspace with

particle filtering can contain at most half of the unstable direc-
tions on the attractor; also, non-Gaussian statistics are most
prominent in the weakly turbulent regime, F = 5, with nearly
Gaussian statistics for F = 16, the strongly turbulent regime,
and intermediate statistical behavior for F = 8.

Capturing Non-Gaussian Statistics Through Blended Particle Filters.
As mentioned above, the L-96 model in the weakly turbulent
regime with F = 5 has nine positive Lyapunov exponents on the
attractor whereas Fourier modes û7 and û8 are the two leading
empirical orthogonal functions (EOFs) that contain most of the
energy. As shown in Fig. 1, where the probability density func-
tions (pdfs) of

��û7��, ��û8�� are plotted, there is significant non-
Gaussian behavior in these modes because the pdfs for

��û7��, ��û8��
are far from a Rayleigh distribution; see SI Text for the scatter
plot of their joint distribution exhibiting strongly non-Gaussian
behavior. For the filtering experiments below, sparse spatial
observations are used with every fourth grid point observed with
moderate observational noise variance r0 = 2 and moderate ob-
servation frequency Δt= 1 compared with the decorrelation time
4.4 for F = 5. We tested the QG-DO and MQG-DO blended
filters as well as the Gaussian MQG filter and the ensemble
adjustment Kalman filter (EAKF) with optimal tuned inflation
and localization with 10;000 ensemble members. All four filters
were run for many assimilation steps and forecast pdfs for

��û7��,��û8�� as well as forecast error pdfs for the real part of û7, û8 are
plotted in Fig. 1. The blended MQG-DO filter accurately cap-
tures the non-Gaussian features and has the tightest forecast error
pdf, the Gaussian MQG filter outperforms the blended QG-DO
filter with a tighter forecast error distribution, and EAKF yields
incorrect Gaussian distributions with the largest forecast error
spread. The rms error and pattern correlation plots reported
in SI Text confirm the above behavior as well as the scatter
plots of the joint pdf for

��û7��, ��û8�� reported there. This ex-
ample illustrates that a Gaussian filter like MQG with an
accurate statistical forecast operator can have a sufficiently
tight forecast error pdf and be a very good filter yet can fail to
capture significant non-Gaussian features accurately. On the
other hand, for the QG-DO blended algorithm in this example,
the larger forecast errors of the QG dynamics compared with
MQG swamp the effect of the blended particle filter. However,
all three methods significantly improve upon the performance of
EAKF with many ensemble members.

Fig. 2. Comparison of rms errors (Left) and pattern correlations (Right) between different filtering methods in regimes F = 8 (Top) and F = 16 (Middle and
Bottom) with sparse infrequent high-quality observations.
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Filter Performance with Sparse Infrequent High-Quality Observations.
Demanding tests for filter performance are the regimes of spa-
tially sparse, infrequent in time, high-quality (low observational
noise) observations for a strongly turbulent dynamical system.
Here the performances of the blended MQG-DO and QG-DO
filters as well as the MQG filter are assessed in this regime. For
the strongly chaotic regime, F = 8, for the L-96 model, observa-
tions are taken every fourth grid point with variance r0 = 0:01 and
observation time Δt= 0:25, which is nearly the decorrelation
time, 0.33; the performance of EAKF as well as that of the rank
histogram and maximum entropy particle filters has already been
assessed for this difficult test problem in figure 15.14 of ref. 15
with large intervals in time with filter divergence (rms errors
much larger than 1) for all three methods. A similar test problem
for the strongly turbulent regime, F = 16, with spatial observa-
tions every fourth grid point with r0 = 0:01 and Δt= 0:1 compared
with the decorrelation time, 0.12, is used here. In all examples
with L-96 tested here, we find that the MQG-DO algorithm with
the approximation described in the paragraph below (Eq. 20) is
always realizable and is the most robust accurate filter; on the
other hand, for the QG-DO filtering algorithm, the performance
of the blended algorithm with crude variance inflation, R−

2 =R2,
significantly outperforms the basic QG-DO blended algorithm
due to incorrect energy transfers in the QG forecast models for
the long forecast times used here (SI Text). Fig. 2 reports the
filtering performance of the MQG-DO and QG-DO blended
filters and the MQG Gaussian filter in these tough regimes for
F = 8; 16 through the rms error and pattern correlation. There
are no strong filter divergences with the MQG-DO and QG-DO
blended filters for both F = 8 and F = 16 in contrast to other
methods as shown in figure 15.14 of ref. 15. The much cheaper
MQG filter for F = 16 exhibits a long initial regime of filter di-
vergence but eventually settles down to comparable filter per-

formance to that of the blended filters. The blended MQG-DO
filter is the most skillful robust filter over all these strongly tur-
bulent regimes, F = 8; 16, as the observational noise and obser-
vation time are varied; see the examples in SI Text.

Concluding Discussion
Blended particle filters that capture non-Gaussian features in an
adaptive evolving low-dimensional subspace through particles
interacting with evolving Gaussian statistics on the remaining
phase space are introduced here. These blended particle filters
have been developed here through a mathematical formalism
involving conditional Gaussian mixtures (35) combined with
statistically nonlinear forecast models developed recently (16–
18) with high skill for uncertainty quantification, which are
compatible with this structure. Stringent test cases for filtering
involving the 40-dimensional L-96 model with a 5-dimensional
adaptive subspace for nonlinear filtering in various regimes of
chaotic dynamics with at least nine positive Lyapunov exponents
are used here. These test cases demonstrate the high skill of
these blended filters in capturing both non-Gaussian dynamical
features and crucial nonlinear statistics for accurate filtering in
extreme regimes with sparse infrequent high-quality observa-
tions. The formalism developed is also useful for multiscale
filtering of turbulent systems and a simple application has been
sketched here.
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1. Proof of Proposition 1
Proposition 1. Assume the prior distribution from the forecast is the
blended particle filter conditional Gaussian distribution

p−ðuÞ=
XQ
j=1

pj;−δ
�
u1 − u1; j

�N�u−2; j ;R−
2; j

�
[S1]

and assume the observations have the structure

v=GðuÞ+ σ0 =G0ðu1Þ+G1ðu1Þu2 + σ0; [S2]

then the posterior distribution in the analysis step taking into ac-
count the observations in [S2] is also a blended particle filter con-
ditional Gaussian distribution; i.e., there are explicit formulas for
the updated weights, pj;+, 1≤ j≤Q, and conditional mean, u+2; j , and
covariance, R+

2; j , so that

p+ðuÞ=
XQ
j=1

pj;+δ
�
u1 − u1; j

�N�u+2; j ;R+
2; j

�
: [S3]

In fact, the distributions Nðu+2; j ;R+
2; j Þ are updated by suitable Kal-

man filter formulas with the mean update for u2; j depending non-
linearly on u1; j in general.

Proof: Let u= ðu1; u2Þ, uj ∈RNj , N1 +N2 =N, and u1 = fu1; jgQj=1
be sampled in Q discrete states such that [S1] is satisfied. Using
discrete representation of u1, the posterior distribution can be
written as

p+ðujvÞ=
XQ
j=1

p+
�
u; u1; jjv

�
=
XQ
j=1

p+
�
ujv; u1; j

�
pj;+; [S4]

where pj;+ = p+ðu1; jjvÞ is the posterior probability of the jth state.

i) First, consider the general likelihood function pðvjuÞ (not possibly
Gaussian). A simple application of Bayes’ theorem gives

p+
�
ujv; u1; j

�
=

p
�
vju; u1; j

�
p−
�
u; u1; j

�
p
�
v; u1; j

�
=

p
�
vju; u1; j

�
p−
�
uju1; j

�
Z 

p
�
vju1; j; u2

�
p
�
u2ju1; j

�
du2

=
p
�
vju1; j; u2

�
Pj;−

~Ij
;

[S5]

with ~Ij =
R
pðvju1; j; u2ÞN ðu−2; j ;R−

2; j Þdu2;  1≤ j≤Q, and Πj;− =
p−ðuju1; jÞ= δðu1 − u1; jÞN ðu−2; j ;R−

2; j Þ by the conditional Gauss-
ian assumption.

ii) Then, to determine the posterior weights pj;+, the formula of
conditional probability for the posterior gives

p
�
u; u1; j; v

�
= p
�
ujv; u1; j

�
p+
�
u1; jjv

�
pðvÞ

= p
�
ujv; u1; j

�
pj;+pðvÞ;

[S6]

and for the prior

p
�
u; u1; j; v

�
= p
�
vju; u1; j

�
p−
�
u; u1; j

�
= p
�
vju; u1; j

�
pj;−Pj;−:

[S7]

Comparing [S6] with [S7], we get the identity

p
�
vju; u1; j

�
pj;−Pj;−= p

�
ujv; u1; j

�
pj;+pðvÞ: [S8]

Using the fact that
PQ

j=1

R
pðujv; u1; jÞpj;+du2 = 1 and integrat-

ing both sides of [S8],

pðvÞ=
XQ
j=1

Z
p
�
vju1; j; u2

�
pj;−Pj;−du2 =

XQ
j=1

pj;−~Ij: [S9]

Therefore, substituting [S5] and [S9] into [S8],

pj;+ =
pj;−

Z
p
�
vju1; j; u2

�
p
�
u2ju1; j

�
du2

pðvÞ

=
pj;−~IjPQ
k=1pk;−~Ik

:

[S10]

iii) Finally, with observations in the form of [S2] and Gaussian like-
lihood function pðvju1; j; u2Þ= pGðv −G0ðu1; jÞ−G1ðu1; jÞu2Þ,
pG ∼Nð0; R0Þ, the numerator of [S5] becomes the standard
process of the Kalman filter. That is,

p+
�
ujv; u1; j

�

=
δ
�
u1 − u1; j

�N�u−2; j ;R−
2; j

�
pG
�
v−G0

�
u1; j
�
−G1

�
u1; j
�
u2
�

~Ij

= δ
�
u1 − u1; j

�N�u+2; j ;R+
2; j

�
;

[S11]

where ðu+2; j ;R+
2; j Þ, depending nonlinearly on u1; j in general,

are the posterior mean and covariance through a suitable
Kalman filtering process. Also the weight updating factor
~Ij can be calculated explicitly by integrating the multiplica-
tion of two Gaussian distributions,

~Ij =
Z

exp
�
−
1
2
ðv−GðuÞÞTR−1

0 ðv−GðuÞÞ
�
exp
�
−
1
2

�
u2 − u−2; j

�T
R−
2; j

�
u2 − u−2; j

��
du2

= det
�
R+
2; j

�−ð1=2Þ
exp
�
1
2

�
u+T2; j R

+−1
2; j u+2; j − u−T2; j R

−−1
2; j u−2; j −

�
v−GEu−1; j

�T
R−1
0

�
v−GEu−1; j

���
:

[S12]
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Therefore, the expression for the posterior distribution [S4]
is derived explicitly in the form [S10], [S11], and [S12].

2. Details of Blended Filter Algorithms
Here we describe the details about the blended filter algo-
rithms. After the forecast step, we get the predicted values for
the mean states u and covariance matrix R, together with the
particle presentation under dynamical orthogonality (DO)
basis EðtÞ= fe1ðtÞ; . . . ; esðtÞg,

uðtÞ= uðtÞ+
Xs
i=1

Yiðt;ωÞeiðtÞ;

where feiðtÞgsi=1 is the subdimensional dynamical basis, and fYig
are the corresponding stochastic coefficients achieved through
Monte Carlo simulations. The particle statistics presented by Yi
must be consistent with the covariance matrix R, and Yi, Yj are
normalized to be independent with each other; that is,�

YiY p
j

	
= ei ·Rejδij; 1≤ i; j≤ s:

For the analysis step, filtering is implemented in two separate
subspaces. The projection operator is calculated by completing the
dynamical basis P= ½E;E⊥�. The orthogonal complements E⊥ are
chosen freely here. Initially each particle is uniformly weighted
as ðYi; piÞ= ðYi; 1=QÞ. Following is the analysis step algorithm for
the blended methods.

Algorithm: Blended filtering (analysis step):

Project the mean and covariance matrix to the two subspaces

�
u1
u2

�
=PTu; Rt =PTRP=

�
R1 R12
RT
12 R2

�
: [S13]

Solve the following linear system to find the conditional mean
u2ðu1; jÞ= u−2; j [denote u1′ = u1 − hu1i, u2′ðu1Þ= u2ðu1Þ− hu2i as
the fluctuations about the mean]:

2
6664

p1u′11;1 ⋯ pQu′Q1;1
« ⋱ «

p1u′11;N1
⋯ pQu′Q1;N1

p1 ⋯ pQ

3
7775
ðN1+1Þ×Q

2
6664
u′12;1 ⋯ u′12;N2

u′22;1 ⋯ u′22;N2

« ⋱ «
u′Q2;1 ⋯ u′Q2;N2

3
7775
Q×N2

=
�
R12
0

�
:

[S14]

Note that this is an underdetermined system for a sufficiently
large number of particles, Q � N1 + 1, and “–“notation is sup-
pressed here.
Calculate the conditional covariance R−

2 in u2 subspace by

R−
2 =R2 + hu2i⊗ hu2i−

Z
u2ðu1Þ⊗ u2ðu1Þpðu1Þdu1

=R2 −
Z 

u2′ðu1Þ⊗ u2′ðu1Þpðu1Þdu1
=R2 −

X
j

u2; j′ ⊗ u2; j′ pj;−:

[S15]

Use Kalman filter updates in the u2 subspace

u+2; j = u−
2; j +K



v−GEu−1; j −GE⊥u−

2; j

�
; [S16a]

~R
+
2 =

�
I −KGE⊥�R−

2 ; [S16b]

K =R−
2

�
GE⊥�T
GE⊥R−

2

�
GE⊥�T +R0

�−1
; [S16c]

with the (linear) observation operator Gðu1; u2Þ=GEu1 +GE⊥u2,
where R0 is the covariance matrix for the observation noise.
Update the particle weights in the u1 subspace by pj;+ ∝ pj;−Ij,
with

Ij = exp

"
1
2



u+T
2; j

�
~R
+
2

�−1
u+2; j − u−T

2; j

�
R−
2

�−1u−
2; j

−
�
v−GEu1; j

�TR−1
0

�
v−GEu1; j

��#
: [S17]

Normalize the weights pj;+ = pj;−Ij=
P

kpk;−Ik and use residual
resampling.
Get the posterior mean and covariance matrix from the pos-
terior particle presentation

u+
1 =

X
j

u1; jpj;+; u+2 =
X
j

u+
2; j pj;+; [S18]

and

R+
1;ij =

X
k

Yi;kY p
j;kpk;+; 1≤ i; j≤ s;

R+
12;ij =

X
k

Yi;ku0+ p
j;k pk;+; 1≤ i≤ s;   s+ 1≤ j≤N;

R+
2 = ~R

+
2 +

X
j

u0+2; j ⊗ u0+2; jpj;+:

Rotate the stochastic coefficients and basis to principal direc-
tions in the s-dimensional dynamical subspace.

Remark 1: As derived in [S12] of Proposition 1, the weight up-
dating factor ~Ij has an additional component detðR+

2; j Þ−ð1=2Þ,
which is expensive to compute given the high dimensionality of
the orthogonal subspace u2. For the blended algorithms in the
main text, R−

2 is independent of the choice of particles j, so R+
2 is

also independent of j by [S16b]. Therefore, the expensive de-
terminant term can be neglected in [S17] as a normalization
factor for the updated weights pj;+.

Remark 2: By the blended forecast model, the dynamical basis
ejðtÞ keeps tracking the principal directions of the system [that is,
the direction with the largest eigenvalues of the covariance
matrix RðtÞ]. However, after the analysis step, the principal di-
rections are changed according to the observation data. There-
fore, it is necessary to rotate the basis according to the posterior
covariance after every analysis step as described in the last step
above. Although numerical tests show reasonable results without
the rotation, corrections at every step can make sure that the
scheme is robust and more accurate.

2.1. The Conditional Covariance R2(u1) Given Particles in u1 Subspace.
The forecast model gives the particle representation u1; j in the
low-dimensional subspace. And the conditional Gaussian mix-
ture ðu2; j;R2; jÞ in the orthogonal subspace is achieved by solving
the least-squares solution of the linear system [S14] with min-
imum weighted L2 norm,

PQ
j=1ju2; j′ j2pj. Such an idea comes from

the maximum entropy principle. Another advantage of this
max-entropy solution is that it concludes that the conditional
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covariance R2ðu1Þ=R−
2 is independent of the particles in u1

subspace.
One important point to note is that the prior covariance R2 from

[S13] is different from the conditional covariance R2ðu1Þ=R−
2

given the particle values in the u1 subspace. This can be seen clearly
from their definitions

R2 =
ZZ

ðu2 − hu2iÞ⊗ ðu2 − hu2iÞpðu2ju1Þpðu1Þdu2du1; [S19]

R2ðu1Þ=
Z

ðu2 − u2ðu1ÞÞ⊗ ðu2 − u2ðu1ÞÞpðu2ju1Þdu2; [S20]

with hu2i=
R
u2ðu1Þpðu1Þdu1. By a simple calculation combining

[S19] and [S20] we haveZ
R2ðu1Þpðu1Þdu1=R2 + hu2i⊗ hu2i−

Z
u2ðu1Þ⊗ u2ðu1Þpðu1Þdu1

=R2 −
Z

u2′ðu1Þ⊗ u2′ðu1Þpðu1Þdu1;

with u2′ðu1Þ= u2ðu1Þ− hu2i. Noting that R2ðu1Þ=R−
2 is indepen-

dent of the variable u1, we get the approximation for the condi-
tional covariance

R−
2 =R2 −

Z
u2′ðu1Þ⊗ u2′ðu1Þpðu1Þdu1

=R2 −
X
j

u2; j′ ⊗ u2; j′ pj:
[S21]

This conditional covariance formula is theoretically consis-
tent, whereas it will introduce the problem of realizability. Then
as discussed in the main text, we may need to introduce
a realizability check and correction method for R−

2 after each
analysis step or simply inflate the matrix as R−

2 =R2 (labeled as
“inflated R2” in Fig. S4 below). Both strategies work well for
the modified quasilinear Gaussian dynamical orthogonality
(MQG-DO) method whereas the quasilinear Gaussian dynam-
ical orthogonality (QG-DO) method requires the larger infla-
tion approach in practical implementations as shown in the
results below.

2.2. Resampling Strategies. Here we add some details about the
resampling process. In the resampling step, particles with small
weights are abandoned, whereas the other particles are dupli-
cated according to their weights to keep the ensemble size un-
changed. One useful and popular resample approach is the
residual resampling method. The idea is to replicate the jth
particle to have bpjQc copies according to its weight in the first
step, and for the rest Q−

P
j bpjQc members particle values are

assigned randomly with probability proportional to their residual
weights pjQ− bpjQc.
An additional issue arises in the process of duplicating par-

ticles. After resampling, we will get several particles with the same
value. For stochastic systems, this will not be a problem because
the random external forcing term will add uncertainty to each
particle and produce different prediction results even though the
initial values are the same. However, for deterministic systems
with internal instability [for example, the Lorenz 96 (L-96) sys-
tem], such resampling would be of no real value, because no
external randomness is introduced to the particles to generate
different outputs in the next step. One possible strategy to avoid
this problem is to add small perturbations to the duplicated
particles. Due to the internal instability inside the system, small
perturbations in the initial time can end up with large deviations

in the forecasts before the next analysis step so that the duplicated
particles can get separated. The amplitude of the perturbation is
added according to the uncertainties of the variables. This can be
approximated by the filtered results before the resampling step.
After updating the weights, we get the set of particles together
with their new weights, fuj′ ; pjg, and then a perturbation is added
to each particle as a white noise with variance σ2 =

P
ju

02
j pj. Note

that this perturbation can be viewed as an inflation to the par-
ticles. We calculate the posterior covariance matrix according to
the resampled particles, and therefore the covariance will also be
inflated accordingly. From numerical simulations it is shown that
this strategy is effective to avoid filter divergence.

3. Blended Filter Performance on the L-96 Model
Here we present the additional results for the blended filter
methods compared with the MQG filter as well as the ensemble
adjustment Kalman filter (EAKF) with inflation and localization.
The L-96 model is used as the test model

dui
dt

= ui−1ðui+1 − ui−2Þ− ui +F; i= 0;⋯; J − 1 [S22]

with J = 40 and F the deterministic forcing parameter. We test
the filter performances in both a weakly chaotic regime (F = 5)
and a strongly chaotic regime (F = 8) as described in the main
text. We use the root mean-square error (rmse) and pattern
correlation (XC) to measure the filter skill. rmse is defined via

rmseðx− yÞ=
 
1
N

XN
j=1

jxj − yjj2
!1=2

; [S23]

where x and y are the vectors (usually the truth and the filtering
result) to be compared and N is the length of each vector. XC is
defined by

XCðx; yÞ=
PN

j=1x′jy′j
PN
j=1x′

2
j
PN

j=1y′
2
j

�1=2; [S24]

with x′j = xj − x, y′j = yj − y being the fluctuations about the mean.
Therefore, if the two signals are close to each other, the rmse of
their difference is then close to zero and their XC is close to one.
On the other hand, for two different signals, the rmse diverges
from zero and in principle is unbounded and XC approaches
zero or negative value.
The statistics for these two cases are shown in Fig. S1. Strong

non-Gaussian statistics can be seen from the weakly chaotic re-
gime F = 5 whereas near Gaussian distribution is shown in the
strongly chaotic regime F = 8. shows the rms errors and pattern
correlations for various filtering methods in regime F = 5 with
moderate observational error and observation frequency
r0 = 2;Δt= 1; p= 4. And Fig. S3 gives the joint distributions of the
first two principal Fourier modes û7 and û8 in this regime by
scatter plots to further visualize the non-Gaussian statistics
captured through different schemes. Finally, Fig. S4 gives addi-
tional examples for the performance of the filters in regimes with
sparse infrequent high-quality observations with slightly larger
observation noise r0 = 0:25. In addition, we compare the per-
formances of the QG-DO method with crude covariance in-
flation R−

2 =R2. Incorrect energy transfers in the QG forecast
model for the long forecast time using the original covariance
approximation as in [S21] in this case end up with serious filter
divergence.
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Fig. S1. Statistics for the L-96 model. (Top) Energy spectra in Fourier space; (Middle) the probability density functions (pdfs) for the first two principal
Fourier modes; (Bottom) the autocorrelation functions of the state variable. Regimes for weakly chaotic (F = 5, Left) and strongly chaotic (F = 8, Right)
dynamics are shown.
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Fig. S2. rms errors (Upper) and pattern correlations (Lower) in the weakly chaotic regime (F = 5) with parameters r0 = 2,Δt = 1,p= 4. Results by different
filtering methods are compared.
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Fig. S3. Joint distributions of the first two principal Fourier modes û7 and û8 shown by scatter plots with different filter schemes in regime F = 5.
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Fig. S4. rms errors and pattern correlations in the strongly chaotic regime (F = 8) with parameters r0 = 0:25,Δt = 0:15, p= 4. (Top and Middle) Results by
different filtering methods are compared, and in addition (Bottom) the comparison of the rmses for the QG-DO method with inflated (blue) and original (red)
conditional covariance R−

2 is shown.
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