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Effective Stiffening and Damping
Enhancement of Structures With
Strongly Nonlinear Local
Attachments
We study the stiffening and damping effects that local essentially nonlinear attachments
can have on the dynamics of a primary linear structure. These local attachments can be
designed to act as nonlinear energy sinks (NESs) of shock-induced energy by engaging in
isolated resonance captures or resonance capture cascades with structural modes. After
the introduction of the NESs, the effective stiffness and damping properties of the struc-
ture are characterized through appropriate measures, developed within this work, which
are based on the energy contained within the modes of the primary structure. Three types
of NESs are introduced in this work, and their effects on the stiffness and damping prop-
erties of the linear structure are studied via (local) instantaneous and (global) weighted-
averaged effective stiffness and damping measures. Three different applications are con-
sidered and show that these attachments can drastically increase the effective damping
properties of a two-degrees-of-freedom system and, to a lesser degree, the stiffening
properties as well. An interesting finding reported herein is that the essentially nonlinear
attachments can introduce significant nonlinear coupling between distinct structural
modes, thus paving the way for nonlinear energy redistribution between structural modes.
This feature, coupled with the well-established capacity of NESs to passively absorb and
locally dissipate shock energy, can be used to create effective passive mitigation designs
of structures under impulsive loads. [DOI: 10.1115/1.4005005]
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1 Introduction

It is well established that stiffness nonlinearity can lead to hard-
ening (or softening) effects in the dynamics of mechanical oscilla-
tors [1]. This effect is evidenced by an increase (or decrease) in
the frequency of oscillation of a system with increasing energy,
and in weakly nonlinear systems it can be analytically studied by
applying qualitative and quantitative methodologies. Indeed, most
studies in the current literature consider weakly nonlinear stiffen-
ing effects in structures possessing nonlinear (but linearizable)
stiffness or damping elements (e.g., weakly nonlinear springs) [1].
Manevitch extended this analysis to strongly nonlinear (i.e., nonli-
nearizable) mechanical oscillators through a complexification/
averaging approach [2]. In additional works, stiffening effects in
material systems, biophysical, and biomedical applications have
been investigated. Aboudi [3] studied the combined nonlinear
effects of stiffening fibers in a softening resin matrix on the over-
all behavior of graphite/epoxy composites following a microme-
chanical approach. In biophysics-related studies, Karray et al. [4]
proposed a control procedure for the active stiffening motion of a
class of flexible structures with nonlinear affine dynamics. Xu and
Kup [22] studied stress stiffening in models of dendritic actin net-
works of living cells, and Kasza et al. [5] studied the stiffening of
the dynamics of cells under large applied forces.

In a separate series of works, metamaterials with the property
of negative stiffness have been considered. Negative stiffness was
achieved on a local basis via the incorporation into a matrix mate-
rial of tailored inclusions that exhibit post-buckled behavior and,
thus, negative stiffness over a portion of their load-deformation
behavior. According to Lakes [6] and Wang and Lakes [7], as the
matrix damping becomes small, the composite damping and stiff-

ness are driven higher, even for a minute concentration of inclu-
sions, exceeding the properties of either the inclusions or matrix
materials alone. An additional metamaterial concept providing
enhanced performance can be found, for example, in the work of
Huang and Sun [8], who employ negative effective mass density
in order to achieve wave attenuation.

The enhancement of the damping properties of a (linear) struc-
ture and its capacity for enhanced energy dissipation due to non-
linear structural modifications has been less studied, with most
current studies focusing on stiffening effects. This work investi-
gates the enhancement of the stiffness and damping properties of
a linear structure via structural modification through the addition
of strongly nonlinear structural modules that behave, in essence,
as nonlinear energy sinks (NESs) [9]. The premise of this work is
that properly designed NESs can affect significantly the stiffness
and damping properties of the structures to which they are
attached by rapidly and passively absorbing and dissipating vibra-
tion energy in a one-way process through a series of transient res-
onance captures [10]. The dynamical mechanism that governs the
operation of the NESs is passive targeted energy transfer (TET),
and it has been analyzed analytically, numerically, and experi-
mentally [9,11–14]. This is enabled by the absence of linear com-
ponents in the dynamics of the NESs, so that local NESs can
induce global nonlinear effects in the dynamics of the structures
to which they are attached. As discussed in Ref. [9] and the refer-
ences therein, essentially nonlinear stiffnesses can be reliably
reproduced through the geometric nonlinearity of linear stiffness
elements. In particular, an elastic wire with no pretension when
fixed at its ends and forced by a transverse force reacts in an
essentially nonlinear manner [15].

A manifestation of these global effects is the nonlinear stiffen-
ing (or softening) of the dynamics of the structure, as well as
damping enhancement, as evidenced by the increased rate of the
decrease of specific energy norms that is defined in this work. We
define quantitative measures characterizing the stiffening and
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damping enhancement of a structure with attached NESs, and we
demonstrate the efficacy of these measures for different types of
essentially nonlinear attachments. Fundamentally, we aim to show
that the use of intentional nonlinearity can provide a new paradigm
for the stiffness and damping enhancement of a (linear) structure.

2 Effective Measures for Linear Structures With

Essentially Nonlinear Attachments

The principal aim of this work is the exploitation of intentional
strong nonlinearities introduced through strongly nonlinear
attachments within a linear structure for the purpose of enhancing
its stiffness and drastically enhancing its effective damping. The
intentional strong nonlinearities will be implemented via the addi-
tion of specially designed structural modules with essential stiff-
ness and/or damping nonlinearities to the structure. These will act,
in essence, as passiveNESs, i.e., as broadband absorbers of shock-
induced vibrations of the large-scale structure to which they
will be attached. This energy absorption is achieved by means of
transient (i.e., occurring over finite time windows) nonlinear
resonances—transient resonance captures—between the essen-
tially nonlinear NESs and highly energetic modes. This in turn
leads toTETs [9] from linear structural modes to the NESs where
energy is confined and locally dissipated without “spreading”
back to the linear structure. What makes TET possible in the aug-
mented system is the essential nonlinearity of the NESs, which do
not possess linear components in their dynamics and thus do not
possess preferential resonance frequencies. This means that the
capacity of an NES for resonance depends only on the instantane-
ous frequency and energy of the augmented structure, so the fully
passive NES is adaptive in its capacity to engage in transient reso-
nance with either isolated or a series of structural modes at differ-
ent frequencies and energies, leading to broadband vibration
energy absorption that drastically affects the overall stiffness and
damping properties of the augmented structure.

In that context, the addition of local NESs can induce global
changes to the structural dynamics in two ways: (a) through the
generation of new nonlinear modes in the modified structure-NES
system that amount to a stiffening of the dynamics [9], and (b) by
drastically increasing the effective damping factors of the struc-
tural modes due to rapid (fast-scale) TET from the structure to the
NESs, where energy is localized and dissipated. In summary, our
nonlinear approach aims to drastically enhance the capacity of a
linear structure to passively mitigate shock-induced vibrations via
the synergistic stiffening of the structural dynamics and an
enhanced capacity to rapidly dissipate vibration energy.

Three types of essentially nonlinear attachments (NESs) are
considered; these are depicted in Fig. 1. A type-I NES [Fig. 1(a)]
is a single-degree-of-freedom (SDOF) oscillator with essential
stiffness nonlinearity of the third degree and linear viscous damp-
ing. The force (F)-response (x; _x) characteristic is given approxi-

mately by F ¼ kx3 þ d _x and lacks a linear stiffness component. A
type-II NES [Fig. 1(b)] is an SDOF oscillator with essential stiff-
ness nonlinearity of the third degree and geometrically nonlinear
viscous damping, with the force-response characteristic given by
F ¼ kx3 þ dx2 _x [16,17]; we emphasize that both stiffness and
damping nonlinearities in these devices are caused solely by the
geometry and kinematics of the motion, as all of their structural
elements exhibit linear behavior. Finally, a type-III NES [Fig.
1(c)] possesses two degrees of freedom that are coupled by means
of essentially nonlinear stiffnesses of the third degree and linear
viscous damping. The rationale for introducing the type-III NES
is that, if properly designed, it can broaden the energy and fre-
quency ranges of efficient nonlinear energy absorption from the
linear structure [18]. The capacity of these devices to engage in
transient resonance captures and resonance capture cascades with
different modes of a linear structure and to induce broadband pas-
sive TET has been analytically, computationally, and experimen-
tally demonstrated [9].

The study of the stiffness and damping enhancement of a linear
structure due to the addition of a single or multiple NESs requires
the formulation of appropriate quantitative measures. These meas-
ures should have applicability to linear structures with arbitrarily
many degrees of freedom (DOFs) and augmented by an arbitrary
number of NESs of different types. In addition, they should be ca-
pable of effectively capturing the enhancement of the stiffness
and damping of the structure caused by the strongly nonlinear dy-
namical interactions with the NESs.

We start with the simplest possible case: a linear SDOF oscilla-
tor (the structure) coupled to a single type-I NES (Fig. 2). For any
specific damped transition, the goal of our analysis is to derive
time-dependent effective stiffness and damping coefficients that
will allow for the definition of an “effective” linear oscillator ca-
pable of reproducing the coupled system. In this way we aim to
characterize locally in time the stiffness and damping enhance-
ment of the linear structure due to the presence of the NES. The
equations of motion are given as

m€qþ k _qþ kqþ kNES _q� _vð Þ þ C q� vð Þ3¼ 0

e€vþ kNES _v� _qð Þ þ C v� qð Þ3¼ 0 (1)

Fig. 1 Essentially nonlinear energy sinks (NESs) considered: (a) type-I NES, (b) type-II NES, and (c) type-III NES. All linear
springs and viscous dampers are uncompressed when horizontal.

Fig. 2 SDOF linear oscillator with type-I NES attached
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with initial conditions of _qð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E0=m

p
; qð0Þ ¼ vð0Þ ¼ _vð0Þ

¼ 0, where E0 is the energy induced in the system at t ¼ 0. These
initial conditions correspond to an impulse applied to the linear
oscillator with the system being initially at rest. Our analysis is
based on energetic arguments. Specifically, the time-dependent
stiffness keff ðtÞ is computed so that the effective linear oscillator
has an instantaneous potential energy that locally in time approxi-
mates (in a locally averaged sense) the actual potential energy of
the nonlinear system; similarly, the time dependent damping
keff ðtÞ is such that the instantaneous kinetic energy of the effective
linear oscillator locally approximates that of the nonlinear system.

Even though the above definitions allow us to obtain effective
measures for the stiffness and damping in the system, their practi-
cal use is limited, because the instantaneous vanishing of either
displacement or velocity leads to singularities in the above meas-
ures. In addition, the computation of the potential energy is not
always a straightforward process, especially in the case of com-
plex NES configurations or, most important, in experimentally
measured responses. To this end, we first need to develop an aver-
aging process that can be applied to a time series that is pointwise
positive, say, h2ðtÞ. The averaging is performed by constructing a
spline interpolation of the local maxima of the time series,
denoted by h2

� �
t
. For the system of Fig. 2, the averaging process

is illustrated in Fig. 3, in which the instantaneous kinetic energy
computed directly from the velocity time series of the linear oscil-
lator is examined; both the averaged energy EkðtÞ as obtained
from the spline interpolation and the instantaneous mechanical
energy in the oscillator are also depicted. The spline-based aver-
aging scheme also enables the estimation of the time-averaged
potential energy of the linear oscillator EpðtÞ directly from the
time-averaged kinetic energy EkðtÞ. This property follows from
the fact that the spline-based averaging applied to the instantane-
ous kinetic energy essentially estimates the time-averaged total
energy ELOðtÞ ¼ 2EkðtÞ contained in the linear oscillator,

Ep tð Þ ¼ Ek tð Þ ¼ 1

2
ELO tð Þ ¼ 1

2
m _q2

� �
t

(2)

Note that Hilbert transformation could be used as an alternative to
the spline averaging method, although, because its numerical
computation is based on the fast Fourier transform, numerical
boundary artifacts might be introduced in the initial and final parts
of the signal. We emphasize that through the above-described
averaging approach we are able to define the effective stiffness
and damping measures without prior knowledge of the NES

configuration attached to the SDOF linear oscillator, because it
directly analyzes the measured displacement or velocity time se-
ries. Thus, the described methodology is ideal for analyzing ex-
perimental responses. Based on the above discussion, we define
the time-dependent effective stiffness measure as

keff tð Þ ¼ 2Ep tð Þ
q2h it

¼
2

1

2
m _q2

� �
t

q2h it
(3a)

and the time-dependent effective damping measure as

keff tð Þ ¼ �
dELO tð Þ

dt
_q2h it

¼ �
2

d

dt

1

2
m _q2

� �
t

_q2h it
(3b)

These “local” instantaneous measures enable us to study over
time the stiffening and dissipative effects of the NES for a given
damped transition of the linear structure. However, in many situa-
tions (e.g., in optimization studies) it is useful to characterize the
overall effect of the NES for an entire damped transition by defin-
ing the global time-independent effective measures keff and keff .
To this end, we define time-independent weighted-averaged quan-
tities based on the above-described time-dependent measures. A
trivial choice would be to consider the time average of the instan-
taneous measures; however, this choice would not emphasize the
performance characteristics of the NES in the regions where it is
most important, i.e., in the initial, highly energetic regime of the
damped transition. In order to avoid this issue, we define a
weighted-average according to the instantaneous square of the
displacement (for the stiffness) or velocity (for the damping),

keff ¼
Ð1

0
keff sð Þ q2

� �
s
dsÐ1

0
q2h isds

¼
2
Ð1

0
1
2

m _q2
� �

s
dsÐ1

0
q2h isds

(4a)

keff ¼
Ð1

0
keff sð Þ _q2

� �
s
dsÐ1

0
_q2h isds

¼ �2

Ð1
0

d

ds

1

2
m _q2

� �
s

dsÐ1
0

_q2h isds
¼ m _q2 0ð ÞÐ1

0
_q2h isds

(4b)

These weighted-average effective stiffness and damping measures
are time-independent and provide overall characterizations of the
stiffness and damping effects of the NES for an entire damped

Fig. 3 Averaging of the time series of the kinetic energy of the linear oscillator in Eq. (1).
(a) Averaged kinetic energy Ek ðtÞ using spline interpolation of local maxima. (b) Total me-
chanical energy in the linear oscillator. (c) Instantaneous kinetic energy.
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transition of the linear oscillator of system (1). Similar to the
corresponding local measures in Eqs. (3a) and (3b), they are ap-
plicable to linear systems with more complex types of NESs
attached (i.e., type-II and type-III NESs), and as shown below
they can be easily extended to multi-DOF linear primary struc-
tures. We emphasize that the descriptions of “local” and “global”
in the above-mentioned effective measures refer to the temporal
scale of the response, as opposed to the spatial scale of the
structure.

As a first demonstration of the application of the global effec-
tive measures, in Fig. 4 we depict the variations of keff and keff

for linear oscillator system (1) as functions of the initial energy E0

with the parameters m ¼ 1; e ¼ 0:05; k ¼ 1; k ¼ kNES ¼ 0:005;
and C ¼ 1: The significant increase of the weighted-average
effective measures above the critical energy threshold
E0 � 5:5� 10�3 is associated with enhanced targeted energy
transfer from the directly excited linear oscillator to the type-I
NES as discussed in Ref. [9]. We note the significant enhancement
of keff to nearly 1400%, compared to the nominal damping value
k immediately after the energy threshold, and the much smaller
enhancement of keff in the same energy range; with increasing
energy, both measures deteriorate, indicating their sensitivity to
energy for the type-I NES. This result shows that the addition of a
type-I NES with 5% of the mass of a linear oscillator can increase
drastically the effective damping measure when it is excited by
impulsive loads in a specific energy range.

In order to demonstrate the local effective measures, we con-
sider two specific damped transitions corresponding to applied
impulses with E0 ¼ 9� 10�3 (Fig. 5, optimal case) and E0 ¼ 0:3
(Fig. 6, suboptimal case). In Figs. 5(a) and 6(a) we depict the
damped response of the linear oscillator computed by system (1)
and compare it to the response of the effective (time-dependent)
linear oscillator,

m€qþ keff ðtÞ _qþ keff ðtÞq ¼ 0

which takes into account the nonlinear effects induced by the NES
through the time-varying instantaneous effective measures keff ðtÞ
and keff ðtÞ. Good correspondence between the exact (simulated)
response and the response of the effective oscillator is noted, dem-
onstrating that the previously defined effective measures can suc-
cessfully capture the effects of the NES in the transient dynamics.
In the same plots we depict the response of the damped linear os-
cillator in Eq. (1) with no NES attached, in order to demonstrate
the profound effect that the NES has on the damped dynamics.

Fig. 4 Weighted-averaged effective measures for varying ini-
tial energy E0 for the impulsively excited system (1): (a) keff =k ,
(b) keff =k

Fig. 5 Damped transition of system (1) for initial energy E0 ¼ 9310�3. (a) Velocity of the lin-
ear oscillator with NES attached (——), of the effective oscillator (- - - -), and of the linear os-
cillator with no NES attached (-�-�-�-�-). (b) Instantaneous normalized effective damping
keff ðtÞ=k. (c) Instantaneous energies of the linear oscillator and the NES.
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In Figs. 5(a) and 6(a) we present the normalized transient effec-
tive measure keff ðtÞ=k for the two energy levels (the effective stiff-
ness measures in both cases are close to unity, so they are not
presented). We note that in the optimal case [Fig. 5(b)] the nor-
malized effective damping measure attains large positive values
in the early, highly energetic regime of the damped dynamics,
which explains the high effectiveness of the NES in this case.
Lower positive values are noted in the suboptimal case [Fig. 6(b)],
which explains the lesser performance of the NES for that value
of initial energy. In the same plots we note that the instantaneous
effective damping assumes negative values in certain time inter-
vals. This is explained when we consider the corresponding in-
stantaneous energy exchanges between the linear oscillator and
the NES shown in Figs. 5(c) and 6(c). From these plots we deduce
that negative instantaneous effective damping of the linear oscilla-
tor occurs over time intervals in which it absorbs energy from the
NES through nonlinear beats; this reverse energy exchange is cap-
tured by the negative values of effective damping when the NES
acts as an energy source.

The previous local and global effective measures can be con-
veniently extended to multi-DOF linear structures with an arbitrary
number of NESs of different types attached to them. This is due to
the fact that, as defined, the effective measures are based solely on
the response time series of the linear structure, and so modal analy-
sis can be applied toward this aim. To this end, we consider the fol-
lowing undamped and unforced N-DOFs linear system,

M €xþ K x ¼ 0; xð0Þ ¼ x0; _xð0Þ ¼ v0 (5)

where the underlined capital variables denote matrices and the
lowercase bold variables are vectors (and zeros are defined appro-

priately). In Eq. (5), M and K are ðN � NÞ matrices and x is an N-
vector. Assuming that the system has distinct eigenvalues, it
admits a modal decomposition from the solution to the eigenvalue
problem,

x2
i M ui ¼ K ui; i ¼ 1; :::;N (6)

where x2
i is the ith natural frequency squared and ui is the corre-

sponding eigenvector. By introducing the coordinate transforma-
tion xðtÞ ¼ UqðtÞ; where U is the modal matrix, system (5) is
decoupled. Furthermore, assuming that the modal matrix is mass-
normalized, it can be expressed as

€qðtÞ þX2qðtÞ ¼ 0; qð0Þ ¼ UTM x0 � q0; _qð0Þ ¼ UTM v0 � g0

(7)

where X2 is the ðN � NÞ diagonal matrix of natural frequencies
squared. Then, the (conserved) total energy E of system (5) can be
decomposed in terms of the N modal energies Ei, which are them-
selves conserved and thus represent invariants of the motion.

E ¼ 1

2
_qTðtÞ _qðtÞ þ 1

2
_qTðtÞX2 _qðtÞ ¼

XN

i¼1

Ei;

Ei ¼
1

2
_q2

i
ðtÞ þ 1

2
x2

i q2
i ðtÞ (8)

We now consider the N-DOFs linear system with general viscous
damping distribution and k NESs attached to it.

Fig. 6 Damped transition of system (1) for initial energy E0 ¼ 0:3. (a) Velocity of the linear
oscillator with NES attached (——), of the effective oscillator (- - - -), and of the linear os-
cillator with no NES attached (-�-�-�-�-). (b) Instantaneous normalized effective damping
keff ðtÞ=k. (c) Instantaneous energies of the linear oscillator and the NES.
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M €xþ C _xþ K x ¼ ~f
NES
ðx; yÞ; xð0Þ ¼ x0; _xð0Þ ¼ v0

M NES €yþ PNESðy; _yÞ ¼ �f
NES
ðx; yÞ; yð0Þ ¼ y

0
; _yð0Þ ¼ w0

(9)

where ~f
NES
ðx; yÞ and f

NES
ðx; yÞ represent the N- and k-vectors,

respectively, of the nonlinear interaction forces between the linear
structure and the attached NESs, and y is the k-vector of internal
variables describing the motion of the k NESs. Introducing again
the modal transformation xðtÞ ¼ U qðtÞ; the N equations of motion
of the linear structure can be expressed as

€qðtÞ þ Ĉ _qðtÞ þ X2qðtÞ ¼ GNESðq; yÞ; qð0Þ ¼ UTM x0 � q0

_qð0Þ ¼ UTM v0 � g0 (10)

where Ĉ ¼ UTC U and GNESðq; yÞ ¼ UT ~f
NES
ðUq; yÞ. We note that

due to their essential nonlinearities, the NESs now couple each of
the linear structural modes, allowing not only for passive energy
absorption and dissipation (as in the previously discussed SDOF
case), but also for passive modal energy redistribution within the
linear structure itself. This latter effect can have significant ben-
eficial effects in shock mitigation designs, because scattering
shock energy from low- to high-frequency structural modes can
significantly reduce the amplitude of vibration of the linear
structure (in general, higher frequencies are associated with
lower amplitudes). In addition, it is well established that higher
modes more effectively dissipate vibration energy through struc-
tural damping. Such high-frequency scattering has already been
reported in seismic mitigation designs based on vibro-impact
NESs [19,20].

We define again the (now nonconserved) total energy of the
system EðtÞ,

EðtÞ ¼ 1

2
_qTðtÞ _qðtÞ þ 1

2
_qTðtÞX2 _qðtÞ ¼

XN

i¼1

EiðtÞ

EiðtÞ ¼
1

2
_q2

i
ðtÞ þ 1

2
x2

i q2
i ðtÞ (11)

We note that again we can express it as a superposition of N
modal energies EiðtÞ; in this case, however, the modal energies
are not conserved, because each mode is damped and interacts
with the essentially nonlinear NESs, and also with the other
modes (with modal coupling provided by the essential nonlinear-
ities of the attached NESs). However, because each of the linear
modes represents an SDOF linear oscillator coupled to the NESs,
and because the local and global effective measures defined previ-
ously rely only on the response time series of the linear structure
(with the effects of the attached NESs being implicitly accounted
for, only through the variations of the instantaneous modal ener-
gies), we can employ the definitions in Eqs. (3a), (3b), (4a), and
(4b) to define effective stiffness and damping modal measures for
system (9).

In order to provide an example of nonlinear coupling between
linear structural modes due to the action of an essentially nonlin-
ear NES, we consider the transient dynamics of a two-DOFs
damped linear oscillator with a type-I NES attached to it, for im-
pulsive excitation of its lower frequency mode 1. The governing
equations of motion are given by

€x1

€x2

� �
þ k

3 �1

�1 2

	 

_x1

_x2

� �
þ

2 �1

�1 1

	 

x1

x2

� �

¼ � kNES _x1 � _yð Þ þ C x1 � yð Þ3

0

( )

0:05€yþ kNES _y� _x1ð Þ þ C y� x1ð Þ3¼ 0 (12)

with parameters k ¼ 0:004469; kNES ¼ 4k; and C ¼ 1. We assume
that at time t ¼ 0þ we apply the energy input E1ð0Þ ¼ 1 to mode
1 through an impulsive excitation with the appropriate magnitude
and spatial distribution, and we depict the corresponding transient
modal responses in Fig. 7. We note that due to the essential nonli-
nearity of the NES, the (not directly excited) higher mode 2
engages in nonlinear interaction with the directly excited mode 1.
This is evidenced by the beat phenomenon in the velocity time se-
ries of mode 2 [Fig. 7(d)], as well as in the high negative values of
the instantaneous effective damping measure k2eff ðtÞ in the highly
energetic initial phase of the response, and indicates that energy
flows into that mode from the first linear mode and/or the NES. In
the absence of an NES, the two (distinct) linear modes are
uncoupled, so we conclude that the transfer of energy to the higher
mode is provided by nonlinear modal coupling due to the essential
nonlinearity of the NES.

This result demonstrates that the instantaneous effective damp-
ing measures are capable of capturing positive or negative energy
flows in structural modes caused by nonlinear modal interac-
tions induced by the essential nonlinearities of the attached
NESs. The capacity of the NESs to not only absorb and locally
dissipate energy from all structural modes but also redistribute
energy within the structural modes (e.g., transferring energy
from lower to higher frequencies) can be used effectively for
passive mitigation designs of blast induced structural vibrations
based on the modification of the structure by intentional strong
nonlinearities. In the next section we employ the defined local
and global effective measures in order to assess the enhance-
ment in the stiffness and damping of the structural dynamics of
a two-DOFs linear system with different types of NESs
attached to it.

3 Parametric Studies of Effective Stiffness and

Damping for Type-I, -II, and -III NESs

In all applications presented in this section, we consider the
same two-DOFs (two-floor) linear system with different configu-
rations of NESs forced by an impulsive excitation.

€x1

€x2

� �
þ k

3 �1

�1 2

	 

_x1

_x2

� �
þ

2 �1

�1 1
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� �
¼ ~f

NES
ðx1;x2;yÞ

M NES€yþPNESðy; _yÞ ¼ �f
NES
ðx1;x2;yÞ

x1ð0Þ
x2ð0Þ

� �
¼

0

0

� �
;

_x1ð0Þ
_x2ð0Þ

� �
¼

2F

F

� �
; yð0Þ ¼ 0; _yð0Þ ¼ 0

(13)

These initial conditions correspond to impulsive excitations
2FdðtÞ and FdðtÞ applied to the first and second floors, respec-
tively, with the system being initially at rest at t ¼ 0�. In all cases
considered, the attached NESs have a mass equal to 5% of the
mass (floor) of the structures to which they are attached.

The first application concerns a type-I NES attached to the first
floor of the system and governed by the equation of motion (12)
and the parameters k ¼ 0:004469; kNES ¼ 4k; and C ¼ 1. In Fig. 8
we depict the global effective measures for varying energy input
into the system. We note a small increase in the effective stiffness
for both modes that, depending on the level of input energy, can
reach up to 7% for mode 2. A much more substantial increase in
the effective damping measures is found, however, which can
reach as high as 2.5 times the modal damping for mode 1 and 8 times
for mode 2. However, the energy ranges of increased effective meas-
ures are rather narrow and differ for the two modes. Clearly, these
results are unoptimized and are provided here to demonstrate the
application of the effective measures; even for these unoptimized
results, however, we show later that we can get significant
improvement when we consider type-III NESs instead.

In Fig. 9 we present the instantaneous effective measures for a
specific damped transition at initial energy Eð0Þ ¼ 0:4;
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Fig. 8 Weighted-averaged (global) effective measures for the case of a single type-I NES
attached to the first floor. Stiffness and damping measures for (a),(b) mode 1 and (c),(d) mode 2;
ki and ki denote the modal stiffness and damping, respectively, of mode i.

Fig. 7 Transient response of system (12) for impulsive excitation of the lowest linear mode 1. (a),(d) Velocity time series,
(b),(e) normalized instantaneous effective stiffness, and (c),(f) normalized effective damping measure of modes 1 and 2,
respectively; ki and ki denote the modal stiffness and damping, respectively, of mode i.
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corresponding to weighted-averaged effective damping
k2eff =k2 ¼ 8:54 for mode 2. In this case the second mode is
damped very effectively, in contrast to mode 1, which has the
weighted-averaged effective damping measure k1eff =k1 ¼ 1:21.
The normalization constants ki; i ¼ 1; 2 refer to the modal con-
stants of the two modes (under the assumption of proportional vis-
cous damping). An interesting feature of these results is that there
are time intervals in which the effective damping for mode 2
attains negative values; indeed, in these time intervals there occur
beat phenomena (induced by the essential nonlinearity of the
NES) as evidenced by the study of the percentages of instantane-
ous modal energies in Figs. 9(d) and 9(h). This result further con-
firms that the defined instantaneous (local) effective measures are
capable not only of describing the efficacy of the NES in absorb-
ing and dissipating modal energies, but also of capturing the
energy transactions between modes caused by the intentional
strong nonlinearity introduced in the system.

We now consider the case of a type-II NES (combining both
nonlinear stiffness and damping) attached to the second floor of
the two-DOFs system. In Ref. [16] it is shown that geometric non-
linear damping of the type incorporated in the type-II NES can
give rise to interesting transient instability phenomena in the dy-

namics of the system to which it is attached. It follows that the
introduction of essentially nonlinear damping into the system
has the potential to generate new nonlinear dynamical phenom-
ena, so its effect is not parasitic (as in the case of weak linear
viscous damping). For this second application, the equations of
motion governing the dynamics of the NES in Eq. (13) assume
the form

~f
NES
ðx1; x2; yÞ ¼ �

0

kNES;NL _x2 � _yð Þ x2 � yð Þ2þC x2 � yð Þ3
� �

0:05€yþ kNES;NL _y� _x2ð Þ y� x2ð Þ2þC y� x2ð Þ3¼ 0 (14)

with parameters k ¼ 0:004469; kNES;NL ¼ 10k; and C ¼ 1. In Fig.
10 we present the weighted-averaged effective measures for this
system. Again, there is an enhancement of the dissipative capacity
of the system, as evidenced by the significant increase of the
effective dissipative measures of both modes over broader energy
intervals as compared to the previous case. Similar to the previous
application, however, no significant enhancement of the stiffness
measures is noted over the same energy intervals.

Fig. 9 Transient response of system (12) for impulsive excitation of impulse excitation with ini-
tial energy Eð0Þ ¼ 0:4. (a),(e) Velocity time series, (b),(f) normalized instantaneous effective stiff-
ness, (c),(g) normalized effective damping measure, and (d),(h) percentage of instantaneous
total energy of modes 1 and 2, respectively; ki and ki denote the modal stiffness and damping,
respectively, of mode i.
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In an attempt to broaden the energy intervals of enhanced
damping performance, in our third application we consider the
addition of two identical type-III NESs, one to each of the two
floors of the linear system [Figure 11(a)]. The equations govern-
ing the dynamics of the two NESs are then given by

~f
NES
ðx1;x2; yÞ ¼ �

kNES _x1 � _y1ð Þ þC1 x1� y1ð Þ3

kNES _x2 � _y3ð Þ þC2 x2� y3ð Þ3

( )

0:025€y1þ kNES 2 _y1� _y2� _x1ð Þ þC1 y1 � x1ð Þ3þrC1 y1 � y2ð Þ3¼ 0

0:025€y2þ kNES _y2� _y1ð Þ þ rC1 y2� y1ð Þ3¼ 0

0:025€y3þ kNES 2 _y3� _y4� _x2ð Þ þC2 y3 � x2ð Þ3þrC2 y3 � y4ð Þ3¼ 0

0:025€y4þ kNES _y4� _y3ð Þ þ rC2 y4� y3ð Þ3¼ 0 (15)

with parameters k ¼ 0:004469; kNES ¼ qk;C1 ¼ 4;C2 ¼ 0:04;
and r ¼ 0:01. We note that the total mass of each type-III NES is
5% of the mass of the floor to which it is attached, so no added
mass effect is anticipated compared with the previous two appli-
cations. In addition, the two NESs are highly asymmetric; this is
indicated by the small parameter r that scales the two essential
stiffness nonlinearities in each NES. The introduction of such high
asymmetry is motivated by previous studies [9,18,21] in which it
was shown that highly asymmetric multi-DOF NESs are very effec-
tive broadband passive absorbers of vibration energy, with the
stiffer parts enabling the realization of strong resonance captures
and the softer parts being effective dissipaters of vibration energy
flowing in the NESs due to targeted energy transfer [9].

In Fig. 11 we depict the weighted-averaged effective measures
for this system for three different values of the parameter q scal-
ing the damping of the NESs. We note that an increase in the
damping of the NESs does not necessarily lead to an enhancement
of the effective modal damping measures; an optimization study
is called for in order to design the NESs for efficient shock mitiga-
tion over defined energy ranges of interest. Considering the results

of Fig. 11, we conclude that, in general, the addition of type-III
NESs broadens the energy ranges of effective damping enhance-
ment, but again no significant improvement in the stiffness is
noted. Moreover, in contrast to the previous two applications, in
which single-DOF NESs were considered, in this case there are
two distinct energy ranges of increased effective damping meas-
ures, so it is possible to achieve increased effective damping
measures for both modes over the same energy intervals. Typi-
cally, increasing the damping of the NESs increases the energy
ranges of significant effective modal damping measures but
decreases the peaks of the optimal increase of these measures.

In order to illustrate the broadband nature of the passive absorp-
tion of energy by the NESs, in Fig. 12 we study a specific damped
transition corresponding to q ¼ 1 and an initial energy Eð0Þ ¼ 1:2
corresponding to the weighted-averaged effective measures
k1eff =k1 ¼ 3:06, k1eff =k1 ¼ 0:97, k2eff =k2 ¼ 3:44, and
k2eff =k2 ¼ 1:02, where ki and ki are normalization constants refer-
ring to the ith modal stiffness and damping, respectively. In Figs.
12(c) and 12(d) we depict the wavelet spectra of the relative
responses between the first floor and the left mass of the NES
attached to it, and between the two masses of the same NES,
respectively. In Figs. 12(e) and 12(f) we provide the correspond-
ing wavelet spectra for the upper floor and the NES attached to it.
Wavelet transform spectra provide us with the temporal evolution
of the basic harmonic components of the transient nonlinear
responses, in contrast to the classical Fourier transform, which
provides only a “static” description of the harmonic content of the
time series. As discussed and demonstrated in numerous applica-
tions in Ref. [9], the wavelet transform is a powerful signal proc-
essing method for analyzing the transient dynamics of strongly
nonlinear systems, so it represents a very useful tool for studying
the dynamics of highly complex, strongly nonlinear dynamical
systems such as the ones considered herein. The wavelet spectra
of Figs. 12(c) and 12(d) illustrate clearly that the NES attached to
the first floor engages in high-frequency broadband resonance
interaction with the linear structure, absorbing energy by exciting

Fig. 10 Weighted-averaged (global) effective measures for the case of a single type-II NES
attached to the second floor. Stiffness and damping measures for (a),(b) mode 1 and (c),(d)
mode 2; ki and ki denote the modal stiffness and damping, respectively, of mode i.
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high-frequency modes above the linear modes of the structure. As
discussed in Ref. [9], such modes are essentially nonlinear (i.e.,
they have no counterparts in linear theory) and are induced in the
augmented structure by the strong intentional nonlinearities of the
NESs. Additional lower frequency modes exist as well, as evi-
denced by the excitation shown in Fig. 12(d) of an intermediate-
frequency nonlinear mode between the two linear structural
modes. The introduction and excitation of strongly nonlinear
modes in the augmented structure is one of the possible dynamical
mechanisms through which the NESs passively absorb and redis-
tribute (scatter) shock energy with the linear structure. No such
broadband energy absorption and scattering is noted in the wavelet
spectra of Figs. 12(e) and 12(f), indicating that the upper-level NES
resonantly interacts with the linear structural modes, as well as with
a strongly nonlinear mode lying between the structural modes.

4 Concluding Remarks

The results reported in this work demonstrate that the use of
intentional strong stiffness and/or damping nonlinearities can

enhance the effective damping properties of a linear structure.
The implementation of strong nonlinearity was achieved through
the use of local NESs with the capacity to affect the global dy-
namics of the structure to which they are attached. This is made
possible by the essential (nonlinearizable) dynamics of the NESs
and the complete lack of linear components in their dynamics,
which enables them to engage in resonance capture with single or
multiple structural modes over broad frequency and energy
ranges. In turn, such resonance interactions lead to targeted energy
transfer from structural modes to the NESs and to the possibility
of a redistribution of nonlinear vibration energy within the struc-
tural modes. In particular, the possibility of low- to high-energy
energy transfer between structural modes offers an interesting
new way of reducing and dissipating shock-induced energy in a
structure, resulting in effective passive shock mitigation designs.

Single or multi-DOF NESs can increase drastically the effective
modal damping of a linear structure, although their effective stiff-
ening effects are less profound. Clearly, optimization studies are
needed in order to design essentially nonlinear attachments that
lead to stiffness and damping enhancement over broad energy
ranges for shock inputs of varied frequency content. In particular,

Fig. 11 Weighted-averaged (global) effective measures for the case of two type-III NESs
attached to the first and second floors. (a) Configuration of the system. Stiffness and damping
measures for (b),(c) mode 1 and (d),(e) mode 2; ki and ki denote the modal stiffness and damp-
ing, respectively, of mode i; -�-�-�-�- q ¼ 4, - - - - q ¼ 2, —— q ¼ 1.
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the capacity of the multi-DOF type-III NES to engage in broad-
band dynamical interaction with structural modes offers encourag-
ing progress toward that goal.

The strongly nonlinear system considered here involves two
fundamental assumptions. First, the nonlinear stiffness elements
did not possess any linear stiffness components. As discussed in
Vakakis et al. (2008), a small linear component would not qualita-
tively affect the response, introducing only a small perturbation to
the derived results and not restricting the practical results of the
analysis. Another important assumption is the absence of other
sources of dissipation, such as dry friction effects. In current prac-
tical implementations of the proposed designs, special attention is
given to reducing the dry friction effects as much as possible,
because these unmodeled forces would affect the nonlinear dy-
namics. Future work will demonstrate the practical implementa-
tion of the proposed designs to reliably reproduce the theoretically
predicted results. We conclude by emphasizing that the effective
measures of stiffening and damping introduced in this work are
able to capture the effect of the essentially nonlinear attachment
on the response of the structural system. In particular, these effec-
tive measures can be used to quantify the augmentation of damp-
ing, as well as the coupling that is introduced between the linear
structural modes of the system.
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