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ABSTRACT 
 
The paper describes a study of the properties of extreme 
values of wave induced vertical bending moment (VBM) 
for a ship in irregular head seas. The objective of this study 
is to formulate a physics-informed model of extreme 
vertical bending moment for the evaluation of lifetime 
loads. 

The numerical part of the study involves the use 
of a nonlinear, time-domain seakeeping code to generate 
large (5,000 hour) sets of VBM data in random head 
waves.  These data sets reveal the shape of the tail of the 
distribution of VBM and outline the principle 
nonlinearities of the problem. It is demonstrated that the 
inclusion of water pressure on the foredeck of the ship 
significantly changes the tail shape in high sea states. It is 
also shown that the common practice of fitting a Weibull 
distribution to the peaks of the VBM data does not 
properly represent the extreme VBM values from 
simulations that include the effect of water on deck. 

The analytical part of the study includes the 
formulation of a “volume-based” reduced order model for 
VBM, based on the computation of submerged volumes 
of a series of hull sections.  Irregular wave responses are 
modeled with two components of random amplitudes, 
with the wave length of both of them equal to ship length, 
and allows the distribution of VBM to be computed 
directly.  The model reflects the wave influence on the 
vertical bending moment and compares well with the 
numerical simulation results that do not include pressures 
on deck. 

 
INTRODUCTION 
 
The topic of this paper is the classic extreme value 
properties of the wave-induced vertical bending moment, 
which has been a subject of interest since the introduction 
of spectrum-based irregular waves in naval architecture by 
St. Denis and Pierson (1953). The application of the 
Weibull distribution to compute lifetime extreme wave-
induced loads has been a standard engineering method, 
probably since the 1960s. The application of extreme 
value theory to the calculation of wave-induced loads was 

considered by Ochi and Wang (1976) and further 
described in Ochi (1981).  The present work attempts to 
develop a physics-informed model that could provide an 
accurate statistical extrapolation from a small volume of 
simulation or model test data. 

Belenky et al. (2018) describes the application 
of physics-informed statistical extrapolation of roll 
motion data to predict the probability of extreme roll 
angle and capsizing. The “enabling technology” for this 
application is a qualitatively-correct reduced-order 
motion model that allows analytical or even closed form 
solution for extreme values. This solution reveals a 
structure of the distribution tail and allows the use of a 
particular model for the tail. The fitting of the tail is 
therefore no longer driven only by the data – some 
physical considerations are also included into the 
statistical model. A data perspective of this approach for 
VBM is given by Brown and Pipiras (2020). 

A single degree-of-freedom (DOF) dynamical 
system with piecewise linear stiffness was used as a 
reduced-order mathematical model for roll motion and 
capsizing. The model is qualitatively correct, as it 
reproduces the topology of the phase plane. Piecewise 
linear stiffness allows the derivation of a closed-form 
expression for the peaks of roll motion. Then the 
distribution of roll peaks can also be derived in 
analytical form. It was found that the tail of the roll peak 
distribution has a complex structure: a heavy tail from 
the vicinity of the maximum of the roll restoring (GZ) 
curve, which then becomes light and has an upper bound 
near the angle of vanishing stability (Belenky et al. 
2019). 

The 1-DOF roll model with piecewise linear 
stiffness has been shown to exhibit the principal known 
behavior of nonlinear ship roll motion (Belenky 2000). 
Thus, the shape of the distribution tail from the 
piecewise linear system can be extended to ship rolling 
motion from more advanced 3-DOF and 6 DOF models. 
A Pareto distribution is used to model the heavy tail, 
leading to an extrapolation of reasonable statistical 
uncertainty from a modest volume of time-domain data 
(Belenky et al. 2018). Limited validation results are also 
available from the cited reference. 



 
 
SIMULATIONS AND OBSERVATIONS 
 
For a reduced-order to model to be useful, it must be able 
to capture the principal characteristics and nonlinearities 
of the modeled process. The main nonlinear factor for ship 
roll motions is known to be the variable stiffness 
represented by the GZ curve. What is the main nonlinear 
factor for wave-induced vertical bending moment that has 
to be reflected in a reduced-order model? 

To answer this question, a set of 5,000 hour 
irregular seas simulations were carried out. The ship 
configuration was the flared variant of the ONR Topsides 
Hull Series (Bishop et al. 2005). This is a companion 
model to the often-studied ONR Tumblehome hull form, 
but with a topsides shape more typical of conventional 
naval surface combatants of the last 30 years. The 
geometry of the ship is shown in Figure 1.  

 

 
Figure 1: Geometry of ONR Topsides series flared hull 

 
 
Simulations were performed using the Large 

Amplitude Motion Program (LAMP), which is a time-
domain ship motions and wave loads simulation code 
incorporating a body-nonlinear calculation of the incident 
wave (Froude-Krylov) and hydrostatic restoring pressure 
forces and a 3-D potential flow panel solution of the wave-
body disturbance (Shin et al. 2003).  LAMP computes a 
pressure distribution on the wetted portion of the hull 
surface at each time increment, which is integrated to get 
the forces acting on the hull. Once forces are available, the 
6-DOF equations of motion are solved for the next step.  

The main girder loads, including VBM, are 
computed by modeling the hull as a rigid beam and 
performing a partial integration of the pressure to each 
side of the specified load calculation planes. A 
longitudinal distribution of the ship’s mass is used to 
account for weight and inertial forces in the sectional load 
calculations.  The LAMP System includes an elastic beam 
model for slam-induced whipping loads (Weems et al. 
1998), but the present analysis considers only the wave 
frequency loads. 

In the calculation of motions and loads, there are 
several options for handling the deck of the ship in 
situations where the relative motion is such that the deck 
might enter the water, or water might flow onto the deck. 
The simplest option is a “no-deck” approach that ignores 
any water on the deck. This approach effectively assumes 
that the deck stays dry regardless of its motion relative to 
the wave surface, and it results in an ever increasing pitch 

restoring moment and VBM as the bow is submerged in 
a wave. 

A second, and nearly as simple, option for 
handling the deck is to include it in the wave-body 
interaction problem in the same fashion as the ship hull.  
This can be considered to be a “deck-in-water” 
approach. In LAMP’s approximate body-nonlinear 
approach, this consists of including the body-nonlinear 
Froude-Krylov and hydrostatic pressure over the deck 
surface but neglecting the disturbance potential, which 
is computed over the mean wetted hull surface.  In this 
approach, the deck is effectively assumed to become 
instantly wet when the relative motion of the ship causes 
it to be submerged below the incident wave surface.  
With this calculation of the deck pressure, the pitch 
restoring moment and VBM become “capped” as the 
bow is submerged in a wave. 

A third, but considerably more complicated, 
option is to use a “green-water-on-deck” model. This 
attempts to compute the flow over the deck based on the 
relative wave elevation at the deck edge and the motions 
of the ship (Belenky et al. 2003).  Green-water-on-deck 
models range from a simple, empirical formula for the 
depth of the water on the deck based on the relative 
motion at the deck edge to full numerical simulations of 
the flow over the deck.  The latter models can provide a 
more realistic estimate of water-on-deck effects, 
including the latency in the ingress and egress of green-
water, but with considerable additional complexity and 
cost. LAMP includes a green-water-on-deck model 
incorporating a coupled shallow-water finite-volume 
numerical solution of the flow over the deck (Liut et al. 
2013). 

 

 
Figure 2: Effect of deck pressure option on VBM 
 
 

Figure 2 illustrates the effect of the deck 
pressure option during a relatively small water-on-deck 
event in moderate sea conditions (head sea state 6, 10 
knots). The red curve shows the no-deck result, which 
has the largest peak VBM (+ is sagging, – is hogging). 
The green curve shows the deck-in-water result with 
hydrostatic and Froude-Krylov pressure on the deck, 
with a reduction in the peak VBM.  The blue curve 
shows the result with the numerical solution of green-
water-on-deck, which shows a similar reduction in the 
peak VBM, but with a slight lag due to the latency 



 
 
associated with the delayed ingress of water.  Outside of 
the peak, the difference in the approach is minimal, though 
the numerical green-water-on-deck model does show 
some shift in the VBM due to residual water on deck.  
Figure 3 shows a close-up of the peak of the VBM curves.  
The deck option also affects the pitch motion, but the 
difference is insignificant in this case. 

 

 
Figure 3: Effect of deck pressure option on VBM (close-
up) 
 
 

This example shows that the deck option can 
have a significant effect on the peak load values, even for 
moderate events. To explore the distribution of VBM, 
large simulation data sets were run for the flared hull 
running at 10 knots into Sea State 5 (SS5), where water on 
deck events are expected to be rare, and Sea State 7 (SS7), 
where water on deck events are expected to be frequent 
and severe.  The SS7 cases were run without deck pressure 
and with the deck-in-water approach described above, 
while SS5 was run only with the deck-in-water approach.  
Problems with the robustness of the numerical green-
water-on-deck model prevented it from being used in this 
simulation. 

 
Table 1 Parameters of Numerical Simulation 
 

Ship length, m 154 
Ship breadth, m 18 
Ship draft, m 5.5 
KG, m 8.7 
Speed, kt 10 
Heading, deg 180 
Number of frequencies 250 
Length of record, s  1900 
SS 7, significant wave height, m 7.62 
SS 7, modal period, s 13.0 
SS 5, significant wave height, m 4.0 
SS 5, modal period, s 9.7 

Details of the ship and simulation are given in 
Table 1. Each case was run as 10,000 independent 
records of just over 30 minutes duration each, providing 
5,000 hours of data after eliminating transient effects.  
The seaway was modeled as long-crested head seas 
using a Bretschneider two-parameter spectrum, with 250 
component frequencies to avoid self-repeat issues and 
different sets of pseudo-random phases to generate 
independent realizations of the waves. 

 

 
Figure 4: Histograms of instantaneous values of VBM 
amidships 

 
 

Figure 4 shows a plot of histograms for the 
instantaneous value of the computed vertical bending 
moment at the midship section for all three sets. Sagging 
is considered to be positive for the VBM, while hogging 
is negative. There is an obvious difference between the 
histograms with and without deck pressure for SS7. The 
histograms lie on top of each other until about 4.5×108 

Nm and then diverge. The no-deck continues almost as 
a straight line, while the deck-in-water case bends and 
drops much faster.  

Inclusion of pressures on deck decreases the 
bending moment, as it limits the increase of buoyance 
force, while the weight component of the VBM remains 
the same. The deck-in-water histogram for SS7 has an 
obvious “inflection point,” after which the tail becomes 
lighter. Similar behavior has been observed in the tail of 
the distribution of roll motions near the angle of 
vanishing stability (Belenky et al. 2018, 2019).  

No inflection point is observed in the SS5 
results, despite the fact that the deck-in-water pressures 
were included in the calculations. The SS5 histogram 
has a tail structure similar the SS7 no-deck case. The 
water on deck seems to have little effect on VBM at SS5, 
likely because too small a portion of the deck gets wet 
and too rarely.  

Hogging tails seem to be quite similar for all 
three cases. However, hogging does not represent 
practical interest in this study, as the extreme loads are 
dominated by sagging.  

Figure 5 shows similar histograms computed 
for positive (sagging) peaks of the vertical bending 
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moment. The tails of the distribution follows the same 
pattern: presence of the inflection point on the SS7 with 
deck histogram, while no inflection point is observed for 
the SS5 results. 

 

 
Figure 5: Histograms of positive peaks of VBM 
amidships 

 
 

WEIBULL FITS FOR THE PEAKS  
 
Standard procedures for the assessment of life-time 
extreme loads use a Weibull distribution fit to several 
hours of simulation results. The authors are not aware of 
any theoretical background for using Weibull distribution 
for extreme loads. However, practice of its application 
counts several decades and has been generally considered 
to be successful.  

The probability density function (PDF) of the 
Weibull distribution for a random variable x>u is 
expressed as: 

 𝑃𝐷𝐹(𝑥) = (
)
*+,-

)
.
(,/

exp 3−*+,-
)
.
(
5 (1) 

where k is shape parameter, l is scale parameter and u is 
a location parameter. 

The standard technique for estimating the shape 
and scale parameters is the maximum likelihood estimator 
(MLE).  Using formulae from Cohen (1965), the shape 
parameter is found from a single nonlinear algebraic 
equation:  
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where 𝑦< = 𝑥< − 𝑢. The scale parameter is then computed 
as: 
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The location parameter is used when only part of the data 
is used for the fitting, so here 𝑢 = 0. 

Figure 6 shows a Weibull fit using 10 hours of 
simulation data for SS7 with the deck pressures included. 
Visually, the fit is good until a VBM value of about 
4.5×108 Nm, which is close to the inflection point. Figure 
7 shows two other cases: SS5 with deck-in-water 

pressures and SS7 no-deck. Neither of these cases has 
an inflection point, and Weibull fits very well.  

 

 
Figure 6: Weibull fit for positive peaks of VBM, SS7 
deck-in-water pressure included. 
 
 

 
Figure 7: Weibull fit for positive peaks of VBM, SS7 
and SS5 
 
 

 
Figure 8: Comparison of Weibull fits for positive 
peaks of VBM, SS7 
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Figure 8 compares Weibull fits with and without 
deck pressure. The difference between these fits is small 
but noticeable. The difference is caused by the influence 
of deck pressure, making the blue tail slightly lighter. 
Obviously, the Weibull distribution does not properly fit 
the change in data beyond the inflection point. A similar 
conclusion was made by Brown and Pipiras (2020), where 
all the data was used for the fit. 

The condition of the appearance and the location 
of the inflection point provides important practical 
information, as it indicates the applicability of the Weibull 
distribution. 

 
VOLUME-BASED REDUCED-ORDER MODEL 
 
To develop a reduced-order model of vertical bending 
moment in irregular waves, consider the area of 
submerged portion of a station at a ship location x, 
measured from the midship section: 

𝐴(𝑥, 𝜃𝑥 + ℎ(𝑥, 𝑡)) 
where θ is the pitch angle and h(x,t) is the wave elevation. 
It is natural to expect that the function A is monotonically 
increasing and therefore invertible with respect to its 
second argument. 

The random waves around the ship are 
approximated as a white-noise, narrow-band stochastic 
process. 

 ℎ(𝑥, 𝑡; 𝜁) = αR(𝑡; 𝜁)cos *
VW+
X
. + αY(𝑡; 𝜁)sin *

VW+
X
. (4) 

where αR(𝑡; 𝜁) and αY(𝑡; 𝜁) are uncorrelated Gaussian 
random variables with zero mean and standard deviation 
z. (i.e. white noise). The moment of the Froude-Krylov 
and hydrostatic forces can then be expressed as: 

 𝑀\]^_(𝜃, 𝑡, 𝜁) = ∫ 𝑥𝐴(𝑥, 𝜃𝑥 + ℎ(𝑥, 𝑡; 𝜁))X/V
,X/V 𝑑𝑥 (5) 

For the description of the vertical bending 
moment, the model is limited to decoupled pitch in 
longitudinal waves without forward speed effect: 
 𝐼�̈� + 𝑐�̇� + 𝑀\]^_(𝜃, 𝑡, 𝜁) = 0 (6) 

where 𝐼 = ∫ 𝑥V𝑚(𝑥)X/V
,X/V 𝑑𝑥 is the moment of inertia and 

c is the damping coefficient. 
 

 
Figure 9: Derivation of an equation for the vertical 
bending moment at an arbitrary location along the length 
of the ship, ψ 
 
 

Given the pitch motion, the VBM at an arbitrary 
point of the ship can be found. Referring to Figure 9, the 
following equation can be written for the vertical bending 
moment at an arbitrary location ψ: 

𝐼h�̈� + 𝑐h�̇� + ∫ 𝑥𝐴(𝑥, 𝜃𝑥 + ℎ)X/V
h 𝑑𝑥 =

𝑀ijk𝜃, 𝜃,̇ 𝜓m (7) 
where 

 𝐼h = ∫ 𝑥V𝑚(𝑥)X/V
h 𝑑𝑥 ;   𝑐h =

R
X
*X
V
− 𝜓. (8) 

 
In the above expression for cψ, it is assumed 

that the hydrodynamic damping on each hull segment 
acts proportionally to its length. Solving equation (7) 
with respect to the pitch acceleration, �̈�,	and substituting 
into equation (5), an expression for the vertical bending 
moment at an arbitrary location of the ship can be 
obtained in terms of θ and 𝜃.̇  

 
APPROXIMATE VOLUME-BASED MODEL 
 
In order to derive a distribution of the vertical bending 
moment, consider an expansion of the submerged area 
of a station around qxi. Without imposing any 
constraints on the wave elevation h, one can write: 

 𝐴(𝑥, 𝜃𝑥 + ℎ) = 𝐴(𝑥, 𝜃𝑥) + ∑ p(q)(+,r+)
s!

u
sE/ ℎs (9) 

where Q is chosen according to the magnitude of h and 
how complicated the shape of A(x, d) is. The superscript 
in parenthesis stands for the derivative of corresponding 
order.  

Pitch motion is assumed to be Gaussian, as are 
its first and second derivatives. The terms 𝐼h�̈� and 𝑐h�̇� 
then only contribute to the variance, but not to the shape 
of the distribution of VBM, and can thus be neglected in 
the present study.  

An approximate formula for the vertical 
bending moment is expressed as: 

 𝑀ij(𝜃, 𝑡, 𝜁) = 	∫ 𝑥𝐴(𝑥, 𝜃𝑥)
v
w
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w
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The first term is the vertical bending moment 
in calm water, when a ship is trimmed by the angle q:  

 𝑀ij|(𝜃, 𝑡, 𝜁) = 	∫ 𝑥𝐴(𝑥, 𝜃𝑥)
v
w
x 𝑑𝑥 (11) 

The second term of the equation (9) expresses 
the influence of the random waves and pitch motion.  

 𝑀ij}(𝜃, 𝑡, 𝜁) = ∑ ∫ 𝑥𝐴(s)(𝑥, 𝜃𝑥)
v
w
x

y(+,z;{)q
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Further analysis will rely on a second-order expansion, 
i.e. maintaining up to second-order interactions between 
waves. Following this set up, the vertical bending 
moment takes the form: 

 𝑀ij(𝜃, 𝑡, 𝜁) = 	∫ 𝑥𝐴(𝑥, 𝜃𝑥)
v
w
x 𝑑𝑥 + 

 ∫ 𝑥𝐴~(𝑥, 𝜃𝑥)ℎ(𝑥, 𝑡; 𝜁)
v
w
x 𝑑𝑥 +			 

 /
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v
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For a fixed value of pitch angle q: 

𝑀ij(𝜃, 𝑡, 𝜁) ≃ αR(𝑡; 𝜁)ρR(𝜃) + αY(𝑡; 𝜁)ρY(𝜃) +			 
 0.5αRV(𝑡; 𝜁)ρRV(𝜃) + 0.5αYV(𝑡; 𝜁)ρYV(𝜃) + 
 αR(𝑡; 𝜁)αY(𝑡; 𝜁)ρRY(𝜃) (14) 
where: 

 ρR(𝜃) = ∫ 𝑥𝐴~(𝑥, 𝜃𝑥)cos *VW+
X
.

v
w
x 𝑑𝑥  

 ρY(𝜃) = ∫ 𝑥𝐴~(𝑥, 𝜃𝑥)sin *VW+
X
.

v
w
x 𝑑𝑥 

 ρRV(𝜃) = ∫ 𝑥𝐴~~(𝑥, 𝜃𝑥)cosV *VW+
X
.

v
w
x 𝑑𝑥 (15) 

 ρYV(𝜃) = ∫ 𝑥𝐴~~(𝑥, 𝜃𝑥)sinV *VW+
X
.

v
w
x 𝑑𝑥 

 ρRY(𝜃) = ∫ 𝑥𝐴~~(𝑥, 𝜃𝑥)cos *VW+
X
. sin *VW+

X
.

v
w
x 𝑑𝑥 

The model of VBM is still a function of pitch 
angle. The final hypothesis is that the VBM primarily 
depends on waves and the influence of the pitch angle is 
not essential. This hypothesis is implemented by 
averaging the function r using a Gaussian distribution and 
the variance of pitch 𝜎rV estimated from the LAMP 
simulations:  

 ρ�R =
/

��√VW
∫ ρR(𝜃)
V��
,V��

exp3− rw

V��
w5 𝑑𝜃 (16) 

The values of rms, rmc2, rms2 and rmcs are defined 
analogously to the above. 

Finally, the approximate volume-based model 
for vertical bending moment is formulated as: 

𝑀ij(𝑡, 𝜁) ≃ αR(𝑡; 𝜁)ρ�R + αY(𝑡; 𝜁)ρ�Y +			 
 0.5αRV(𝑡; 𝜁)ρ�RV + 0.5αYV(𝑡; 𝜁)ρ�YV + 
 αR(𝑡; 𝜁)αY(𝑡; 𝜁)ρ�RY (17) 

Formula (17) is intended to model the shape of 
the distribution and needs to be shifted to zero mean and 
normalized to unity variance. The standard deviation 𝜁 of 
wave amplitudes αR and αY are meant to be fit from 
simulation or model data, perhaps using maximum 
likelihood estimator. 

 
VBM DISTRIBUTION WITH APPROXIMATE 
VOLUME-BASED MODEL  
 
Brown and Pipiras (2020) derived a theoretical PDF for 
the approximate volume-based model of VBM. It is 
expressed through the following integral: 

𝑓(𝜇) = /
V ∫ 𝑓V7kcos𝜑�𝜇 − 𝜇_, sin𝜑�𝜇 − 𝜇_m𝑑𝜑

VW
|  (18) 

where µ is vertical bending moment before shifting and 
normalization, and f2N is a bivariate normal distribution. 
The value µs is computed as: 

 𝜇_ =
�ww�D��Dw�w,�D�w�Dw

��D�w,�Dww
 (19) 

where 
 𝑎/ = ρ�R𝜁 ; 𝑎V = ρ�Y𝜁 ; 
 𝑏/ = −ρ�RV

{w

V
 ; 𝑏V = −ρ�YV

{w

V
 ; (20) 

 𝑏/V = −ρ�RY𝜁V  
where 𝜁 is the standard deviation of wave amplitudes αR 
and αY. 

To compute bivariate normal distribution in 
equation (18), one needs two mean values E1 and E2, two 
variances V1 and V2, and a correlation coefficient r12: 

 𝐸/ = − �w
V��w

 𝐸V =
�w�Dw,V�D�w

V��w���D�w,�Dw
w

 

 𝑉/ =
�Dww

��w
− 𝑏V 𝑉V =

��D�w,�Dww

��w
 (21) 

 𝑟/V =
�Dw���D�w,�Dw

w

V�w�iDiw
 

There is a condition of applicability of the 
distribution: 

4𝑏/𝑏V − 𝑏/VV > 0; (22) 
Also, µs has a meaning of a hogging limit; see Brown 
and Pipiras (2020) for more information. 

To represent a shape, equation (16) needs to be 
shifted to zero mean and unity variance. To carry out this 
transformation, the actual values of mean and variance 
of the distribution (16) are computed 
 𝐸� = ∫ 𝑓(𝜇)𝜇𝑑𝜇�

��
 (23) 

 𝑉� = ∫ 𝑓(𝜇)k𝜇 − 𝐸�m
V𝑑𝜇�

��
 (24) 

Standard deviation is computed as: 
 𝜎� = �𝑉� (25) 
The new variable is introduced: 

 𝑦 = �,��
��

 (26) 

Finally the standardized PDF of vertical bending 
moment is expressed as: 
 𝑝𝑑𝑓(𝑦) = 𝜎�𝑓k𝜎�𝑦 + 𝐸�m (27) 
 
NUMERICAL RESULTS FOR THE 
APPROXIMATE VOLUME-BASED MODEL  
 
For the numerical implementation of the approximate 
volume-based model, the flared hull geometry (Figure 
1) was represented by 100 stations, as shown in Figure 
10.  The submerged areas of the stations were computed 
with the trapezoid rule, and the first and second 
derivatives were computed for each point at each station. 
Linear interpolation was then used for computing the 
function r in equation (15). 

The functions (15) were further averaged over 
pitch angles. The standard deviation for pitch angle was 
estimated using the results of the LAMP simulation for 
SS7, giving a value of 𝜎�r = 2.4°. No significant 
difference in the standard deviation of the pitch motion 
was observed between the simulations with and without 
the deck pressures. 
 



 
 

 
Figure 10: Station representation of ONR Topsides 
Series flared configuration 
 
 
Table 2 Numerical Parameters for Approximate Volume-
based Model of VBM in SS7 
 

Standard deviation of wave 
amplitudes, z, m 4.73 

Coefficient rmc, N -2,006.8 
Coefficient rms, N -13,189.1 
Coefficient rmc2, N/m 1065.1 
Coefficient rms2, N/m 749.5 
Coefficient rmcs, N/m 552.8 

 
 

 
Figure 11: PDF of the approximated volume-based 
model in comparison with standardized histograms of 
VBM for SS7 
 
 

Finally, the standard deviation of wave 
amplitude was found to achieve the best fit of the model. 
While some kind of maximum likelihood estimator is 
meant to be developed for future applications, the value in 
this example was found manually. This value, as well as 
the values of averaged r-functions, are given in Table 2. 
The resulting PDF is shown in Figure 11, where it is 

compared with the standardized histogram of VBM 
from the simulations. 

The standardization of the histograms for the 
instantaneous values of VBM (see Figure 4) was carried 
out using equation (27) with the mean and standard 
deviation of VBM estimated from the LAMP 
simulations. 
 
ANALYSIS 
 
The PDF of the approximate volume based model fits 
very well with the standardized histogram of VBM that 
did not include water on deck. The tail of the distribution 
of the volume-based model does not have any inflection 
point; so the approximate model is not expected to 
describe the effect of pressures on the deck. 

The approximate volume-based model well 
describes the asymmetry of the distribution observed in 
histograms of instantaneous VBM values (Figure 4).  
Also, the topology of the PDF of the approximate 
volume based model is similar to the histogram of 
positive peaks of VBM (i.e. sagging peaks) shown in 
Figure 5.  

The approximate volume-based model for 
vertical bending moment in form (17) includes wave 
influence explicitly, as modeled by equation (7). The 
influence of pitch motions is included implicitly, 
through averaging, resulting in equation (16). The 
influence of inertia and weight are not included, as these 
factors only affect the mean value and variance and do 
not affect the shape of the tail of the distribution. 

These observations allow the formulation of 
the following hypothesis: 
• Asymmetry of distribution of VBM is mostly related 

with wave action. 
• The shape of the Weibull distribution may describe 

influences of wave passing a ship, while weight 
distribution, motions, and inertial forces mostly 
contribute to the mean and variance. 

• Modeling of the inflection point may require more 
accurate modeling of motions, in particular, 
consideration of nonlinearity of the term: 

∫ 𝑥𝐴(𝑥, 𝜃𝑥)
v
w
x 𝑑𝑥. Heave motion may have to be 

included in order to get realistic waterlines. 
 

SUMMARY, CONCLUSIONS, AND FUTURE 
WORK 
 
Large simulation datasets for vertical bending moment 
in head seas was produced with the Large Amplitude 
Motion Program (LAMP) for Sea States 5 and 7. 
Simulations for SS7 were carried out with and without 
deck pressures associated with the submergence of the 
ship’s bow due to large relative motion, while SS5 
included the deck pressures but saw few bow 
submergences. Inclusion of deck pressure reduces the 
VBM during deck submergences and leads to the 
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appearance of an inflection point in the histogram of VBM 
in SS7; no inflection point is observed for SS5. The VBM 
distribution in SS5 is similar to the distribution of VBM 
in SS 7 if the deck pressures are not included.  The 
distribution of the sagging peaks behaved in a similar way: 
including deck pressures leads to the appearance of the 
inflection point, but only for SS7.  

Weibull distribution provides a very good fit for 
SS5 and SS7 without deck pressures, but does not model 
the inflection point for the SS7 dataset including the deck 
pressure. If the reduction in VBM due to deck pressure 
can reasonably be included in the evaluation of the main 
girder loads, then an indiscriminant application of Weibull 
distribution may lead to significant overestimation of the 
VBM in high sea states if the position of the inflection 
point corresponds to the return period falling short of the 
desired lifetime. 

A reduced-order probabilistic model was 
proposed for further study of the tail of the VBM with the 
intention of finding the location of the inflection point. 
The reduced order model uses a simplified presentation of 
irregular waves, containing two components of random 
amplitudes and wave length equal to the ship length. The 
model allows the influence of weight and inertia to be 
excluded, as they are believed to influence only the mean 
value and variance. 

A further simplification of the model was 
achieved using a Taylor series expansion that allows the 
separation of the contribution of waves from the 
contribution of pitch motions. The approximated model 
compared very well with the simulation dataset that did 
not include deck pressure. This comparison has led to 
formulation of a hypothesis that the observed asymmetry, 
which is well described by the Weibull distribution, can 
be explained by the influence of waves. 

The approximate model is capable of explaining 
the influence of waves on the vertical bending moment. It 
is similar to s Weibull distribution, but has a clear physical 
background. Making the approximate model into a 
working tool will require the development of robust fitting 
procedures and extensive testing. 

The model needs to be extended to include the 
effect of pressure on the deck and a capability to reproduce 
the inflection point. The inflection point may play a role 
of an applicability limit of Weibull distribution to evaluate 
life-time wave loads.  In a more general sense, the proper 
and consistent modeling of deck submergence events in 
the calculation of main-girder loads and the evaluation of 
extreme values must be considered. 
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