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1. Introduction

In the past decades an increasing number of problems in con-
tinuum theory have been treated using stochastic dynamical the-
ories. Such problems are mainly described by stochastic partial
differential equations (SPDEs) and they arise in a number of areas
including fluid mechanics, elasticity, and wave theory to describe
phenomena such as turbulence [1-5], random vibrations [6-8],
flow through porous media [9,10], and wave propagation through
random media [11-13]. This is but a partial listing of applications
and it is clear that almost any phenomenon described by a field
equation has an important subclass of problems that may prof-
itably be treated from a stochastic point of view. This includes
problems for which the dynamics is not fully resolved or not suf-
ficiently known to warrant solely a deterministic approach as well
as problems for which initial, boundary or parametric uncertain-
ties are significant.

A basic goal of uncertainty quantification is to estimate joint
probability distributions for the field variables, given the proba-
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bilistic information for the initial state and forcing of the system as
well as for the SPDE random coefficients. A complete probabilistic
description of the response would either require the knowledge of
the response characteristic functional or equivalently the knowl-
edge of the whole Kolmogorov hierarchy of the joint probability
distributions of the response stochastic fields at any collection of
time instances and spatial locations [9,14]. Given the SPDE that
governs the system, it was first shown by Hopf [15] that for the
stochastic Navier-Stokes equations, a functional differential equa-
tion can be derived that governs the characteristic functional for
the response. His approach was later adapted to the problems of
stochastic wave propagation by Tatarskii [ 16] and Lee [17]. This ap-
proach, known as the statistical approach to turbulence, has also
been developed further by many authors (see, e.g., [18-20]) and
provides us with infinite-dimensional transport equations for the
characteristic functional that characterizes the stochastic solution.
Even though these functional equations contain the full probabilis-
tic information for the dynamical system and their derivation from
the SPDE is straightforward [9], their infinite-dimensional charac-
ter prevents a feasible method of solution.

The Monte Carlo simulation technique is a more practical me-
thod that can be readily applied to solve such problems to an
arbitrary degree of accuracy, provided a sufficiently large number
of samples is used. During the past years significant advances have
been made in improving the efficiency of Monte Carlo schemes.
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This includes new sequential Monte Carlo methods (e.g. particle
filters, see e.g. [21]) where the probability density function of
the response is approximated by a mixture of weighted Dirac
functions. A most recent development is the usage of a mixture of
weighted Gaussian kernels instead of Dirac functions to provide a
more reliable representation of the response pdf [22,23]. In recent
years, such particle filters and their variants have been applied
to stochastic estimations in various fields including ocean and
atmosphere dynamics [24] and structural dynamics [25].

Another approach is based on the generation and evolution of
an optimal set of input samples of reduced dimensionality such
that the scales and dynamical processes where the dominant,
most energetic, uncertainties occur are continuously spanned.
This is motivated by the multi-scale, intermittent, non-stationary
and non-homogeneous uncertainty fields for ocean dynamics
(e.g. [26]). The methodology, referred to as Error Subspace Statis-
tical Estimation (ESSE) [27-30], uses a Karhunen-Loeve (KL) ex-
pansion but with time varying and adaptive basis functions. The
functions are evolved using stochastic, data-assimilative, ensem-
ble predictions initialized by a multi-scale scheme and evolved
through a Monte Carlo approach. Similar ideas have been later ap-
plied to the modeling of diffusion processes in random heteroge-
neous media [31,32]. These methods approximate the response pdf
without making any explicit assumption about its form and can
thus be used in general nonlinear, non-Gaussian systems. How-
ever, a major issue is that the evolution of the dominant uncertain-
ties is through a Monte Carlo scheme and therefore a larger number
of samples can still be required for accurate prediction.

Order reduction methods have also been utilized to derive re-
duced order models which have lower complexity relative to the
original SPDE model and which reveal the underlying structure
of the system dynamics. A classical approach is the statistical
technique of Karhunen-Loeve expansion or Proper Orthogonal
Decomposition (POD) (see [33-35]) where the response of the
dynamical system is usually assumed to have the form

ux, t; w) = in(t; o)Ui(X), € 2 (1)
i=1

where X;(t; w) are stochastic processes and the family u;(x) are
functions computed from data collected in the course of experi-
ments or from direct numerical simulations. Specifically, u;(x) s are
orthonormal fields that provide an optimal modal decomposition
in the sense that a finite collection of these modes can capture the
dominant components of the complete infinite-dimensional pro-
cess. A Galerkin projection of the original governing equations to
the low-dimensional subspace identified by the POD basis func-
tions u;(X) provides the reduced order evolution equations for
the unknown stochastic coefficients X;(t; w). The POD concept has
been applied to a wide range of areas such as turbulence [34,36,37,
35], and control of chemical processes [38-40]. However, the main
drawback of the POD method is that the basis functions are chosen
a priori and therefore may not be able to efficiently represent the
evolving responses generated by nonlinear dynamical processes.

Another main approach is the Polynomial Chaos (PC) expansion
pioneered by Ghanem and Spanos [41] in the context of solid me-
chanics. It is based on the original theory of Wiener on polynomial
chaos [42-44]. The stochastic field describing the system response
is treated as an element in the Hilbert space of random func-
tions and is approximated by its projection onto a finite subspace
spanned by orthogonal polynomials. Specifically, instead of impos-
ing a representation for fixed fields u;(x) as for the POD method, the
stochastic processes X;(t; w) are spectrally represented in terms of
fixed multi-dimensional Hermite polynomials,

ux, t; @) = Y DX, 1), ®€ 2 (2)
i=1

where @; are orthogonal polynomials and {(w) are given ran-
dom variables. A Galerkin projection of the governing equations to
the low-dimensional subspace defined by the &;s transforms the
original SPDE to a set of coupled deterministic PDEs for the un-
known family u;(x, t). The method has been applied to a series of
applications including fluid mechanics [45-49], structural me-
chanics [41,50,51], and wave propagation in random media [52].
Although for any arbitrary random process with finite second order
moments, the PC expansion converges in accord with Cameron-
Martin theorem [43], it has been demonstrated that the con-
vergence rate is optimal for Gaussian processes [53], while for
other types of processes the convergence rate may be substantially
slower. A recent development by Xiu and Karniadakis [54,47] pro-
poses a generalized PC expansion where basis functions from the
Askey family of hypergeometric polynomials are used. It is shown
that suitable basis functions different from the Hermite polynomi-
als can increase substantially the rate of convergence. Depending
on the stochastic coefficients of the original SPDE and the initial
stochastic conditions, there is an optimum choice of basis functions
through which an optimum rate of convergence can be achieved.
However, this choice must be made a priori and this can be a very
challenging task especially for non-stationary complex dynamical
systems with large number of degrees of freedom (e.g. atmospheric
or oceanic dynamics).

The objective of the present work is to utilize a more general
expansion,

uX, £ ) =X, ) + Y _Yi(t; o)uix, 1), € 2 (3)
i=1

where Y;(t; w) are stochastic processes u(X, t) is the statistical
mean and u;(X, t) are deterministic orthonormal fields, and to
derive evolution equations for the Yi(t; w), u(x, t) and u;(x, t)
without making any assumptions on their form: the original SPDE
governing u(X, t; w) is the only information utilized. Using a
new dynamical orthogonality condition for the fields u;(x, t), we
overcome the redundancy of representation (3) and derive an exact
set of evolution equations that has the form of an s-dimensional
stochastic differential equation for the random coefficients Y;(t; w)
coupled with s 4+ 1 deterministic PDEs for the fields u(x, t)
and u;(x, t), where s is the number of modes that we retain
in representation (3). In this way, the basis that describes the
stochastic subspace is dynamically evolved and is not chosen a
priori: it adapts to the stochasticity introduced by the stochastic
initial conditions and coefficients, and evolves according to the
SPDE governing u(X, t; w). The stochastic coefficients Y;(t; w) are
also evolved according to dynamical equations derived directly
from the original SPDE allowing us to use any SDE numerical
scheme for their solution (e.g. particle methods). For the special
case of stochastic excitation that is delta correlated in time, i.e.
white noise, an equivalent nonlinear Fokker-Planck-Kolmogorov
equation describes the evolution of the joint probability density
function for the stochastic processes Y;(t; w).

The derived field equations are consistent with the dynamical
orthogonality condition which also implies the preservation of
the classical orthonormality condition for the fields u;(x, t). If
additional suitable assumptions, either on the form of the fields
u(x, t) and u;(x, t), or on the form of Y;(t; w) are utilized, our
novel equations reproduce the reduced order equations obtained
by application of the POD or PC method, respectively. We apply
our new derived field equations to the two-dimensional stochastic
Navier-Stokes equations and compare our results with direct
Monte Carlo simulations initiated using the ESSE approach.
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2. Definitions and problem statement

Let (£2, 8, #) be a probability space with £2 being the sample
space containing the set of elementary events w € 2, 8 is the
o-algebra associated with £2, and & is a probability measure. Let
x € D C R" denote the spatial variable and t € 7 the time.
Then every measurable map of the form u(x, t; ), w € £ will
define a random field. In applications, the most important cases
are where n = 2, 3 therefore in what follows we will assume that
X € D C R", n = 2, 3. For a random field u(x, t; ), ® € £2 we
define the mean value operator as

ux,t) = E°ux, t; w)] = f ux, t; w)dP (w).

Q
The set of all continuous, square integrable random fields, i.e.
JHEClux, t; o)u(x, t; )']ldx < oo forallt € T (where of
denotes the complex conjugate operation) and the bilinear form
or covariance operator

Cu(»,[;w)v(gs;w) (Xs Y)
= B [(ux, t; 0) — i(x, )" 0y, 5; 0) — 73, 9)],
X,yeD, t,seT (4)

form a Hilbert space [55,11] that will be denoted by H.
For every two elements u(X, t; w), v(X, t; ) € Hwe define the
spatial inner product as

(u(e, t; ), v(e, t; w)) = / ux, t; ), t; w)dx
D

where the integral on the right hand side is defined in the mean
square sense [56]. For the case where the integrands are determin-
istic the mean square integral is reduced to the classical Riemann
integral. In what follows we will use Einstein’s convection for sum-
mation, i.e. ), a;b; = a;b; except if the limits of summation need to
be shown. A double index that is not summed-up will be denoted
as a;b;. We define the projection operator IT of a field u(x, t), x € D
to an m-dimensional linear subspace spanned by the orthonormal
family {w;(x, t; a))}j'"zl, X € D as follows

H{wj(x't;w)}jn;] [ux, t; @)]
= Z wj(X, t; ) (wj(o, t; w), u(e, t; a)))
j=1

= wj(X, t; w) (wi(e, £; W), u(e, t; )).

Let us now study in more detail the covariance operator when it
actson an element u(x, t; ), w € §2 fors = t. In this case we will
have

Cu(~,t;w)u(~,t;w) (X, Y)
=E”[(u(x, t; w) — 0(X, 1) (u(y, t; w) — Uy, £))'],
X,yeD, teT.

Then the integral operator defined by

Tep = /Cu(-,t)u(<,t) x, Vp(x, t)dx, ¢ €L’ (5)
D

is a compact, self-adjoint, and positive operator in the Hilbert space
of deterministic, continuous, square integrable fields, L2, i.e. all
continuous fields ¢ (x, t) such that (¢ (e, t), ¢ (e, t)) < 0o [35,57].
Therefore the Karhunen-Loeve expansion [56] follows, that is, ev-
ery random field u(x, t; w) € Hat a given time t can be written in
the form

o0
uX, t; w) = A, 0) + Y _Yi(t; )ui(x, 1), » € 2
i=1

where u;(x, t) are the eigenfunctions, and Y;(t; w) are zero-mean,
stochastic processes with variance E‘“[Yiz(t; w)] equal to the cor-

responding eigenvalue Aiz(t) of the eigenvalue problem

/Cu(»,t)u(-,t) X, Y)ui(x, H)dx = A2 (Oui(y, t), yeD. (6)
D

In most applications of interest we have A;(t) ~ exp(—ci) for some
¢ > 0 which implies that all the support of the measure & is ap-
proximately contained in a compact set [35]. Therefore, every ran-
dom field u(x, t; w) € H can be approximated arbitrarily well, by
a finite series of the form

ux, t; ) = u(x, t) + ZY,-(t; o)X, ), € R (7)
i=1

where s is a sufficiently large, non-negative integer. Based on
the above discussion we define the stochastic subspace Vs =
span{u;(X, t)};:1 as the linear space spanned by the s eigenfields
that correspond to the s largest eigenvalues. Hence, Vs defines the
appropriate subspace where the stochasticity of the random field
‘lives’ at time t, following ESSE ideas [27,58]. The goal of this work

is two-fold:

1. For fixed dimensionality s study how the stochasticity evolves
inside V5. More specifically we seek the equations governing the
evolution of the stochastic vector {Y;(t; w) };:1-

2. Study how Vs evolves inside H through the variation of the basis
(%, OF_,.

The SPDE describing the system evolution is assumed to have the

form

oux, t; w)
ot

where £ is a general (nonlinear), differential operator. Addition-
ally, the initial state of the system at t; is described by the random
field

=LuX, t;w);w], XeD, teT, we (8)

ulx, to; w) = up(X; w), X€D, we R 9)

and the boundary conditions are given by
Blu@ t;w) =hE t;w), §€dD, weR (10)

where B is a linear differential operator. For all of the above
quantities we assume that the random coefficients have statistical
moments of any order.

3. Dynamically orthogonal field equations

In this section we will use representation (7) to derive reduced
order field equations describing the mean state of the system, its
stochastic characteristics and their interactions. Clearly, represen-
tation (7) with all quantities (u(x, t), {u;(x, t)}jzl, {Y;(t; w)¥3_;)
varying is redundant and therefore we cannot derive indepencfent
equations from the SPDE describing their evolution. Hence, it is es-
sential to impose additional constraints in order to get a well posed
problem for the unknown quantities.

To this end we examine more carefully the source of re-
dundancy in representation (7). Specifically, we notice that the
variation of the stochastic coefficients {Y;(t; a))};:l can express ex-
clusively the evolution of uncertainty within the stochastic space
Vs. On the other hand, by varying the basis {u;(x, t)}le we can ex-
press both the evolution of uncertainty within Vs and also normal
to Vs. Therefore, we see that the source of redundancy comes from
the evolution of uncertainty that can be described by both the vari-
ation of the stochastic coefficients and the basis. To overcome this
difficulty we need to restrict the evolution of the basis {u;(x, t)}j.:l
to be normal to the space Vs since the evolution within Vs can
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be described completely by the stochastic coefficients. The above
requirement can be elegantly expressed through the following
condition

dvs LVe o duj(e, t) (0. ) 0
— — . uj(e, 1)) =0,
dt s at d
i=1,...,s,j=1,...,s. (11)

We will refer to the above condition as the dynamically orthogonal
(DO) condition. Note, that the DO condition implies the preserva-
tion of orthonormality for the basis {u;(x, t)}j-zl since

0 Bu,»(o, t)
& <u,-(o, t), UI(., t)> = <T, Uj(., f)>
+ <3L”';’t’t),ui(.,t)>=o, i=1,....5j=1,....s

To summarize the above discussion, in what follows we will
use the DO representation defined by Eq. (7) and the additional
properties

1. {Y;(t; a))}]s‘:l are zero-mean stochastic processes.

2. {u;(x, t)}jzl are deterministic fields satisfying the DO condition
(11) which are initially orthonormal, i.e. (u;(e, to), uj(e, ty)) =
8ij.

As it is proven in the following theorem, the DO expansion re-
sults in a set of independent, explicit equations for all the unknown
quantities. In particular, using the DO expansion we reformulate
the original SPDE to an s-dimensional stochastic differential equa-
tion for the random coefficients Y;(t; w) coupled with s 4 1 deter-
ministic PDEs for the fields u(x, t) and u;(x, t).

Theorem 1 (DO Evolution Equations). Under the assumptions of
the DO representation the original SPDE (8)-(10) is reduced to the
following system of equations

% = (L[u(e, t; w); ]

—E?[L[u(e, t; ®); w]], ui(e, 1)), (12)
WD b e ute, t ox o], (13)
au; (X, _
% = My, [E° [£[u(x. £ 0): 0] (6 0)]] Gloy  (14)

where Iy, [F(X)] = F(X) — Iys [F(X)] = F(X) — (F(e), ux(e, £))u
(x, t) and Cyi([)yj([) = E“[Y;(t; w)Y;(t; w)]. The associated boundary
conditions have the form

Bu, t; w)]lgeop = E” [1(E, t; @)]

B [u,-(f;', t)] |E€3D =E“ [Yj(t; w)h(£7 t; w)] C;,-g[)Yj(t)

and the initial conditions are given by

Yi(to; ) = (uo(e; @) — Up(e), Ujo(e))

u(x, to) = to(e) = E” [up(x; »)]

ui(x, to) = ujp(X)

foralli=1,...,s, whereuj(X) are the eigenfields of the correlation
operator Cy(..¢oyu(.¢p) defined by the eigenvalue problem (6).

Proof. First we insert the DO representation to the evolution
equation (8). We obtain

oux,t) dYi(t; ) o ou(x, £)
ot + ar ui(x, t) + Yi(t; o) rTE
= Luix, t; w); w]. (15)

By applying the mean value operator we obtain the second equa-
tion of the theorem (Eq. (13)), i.e. an evolution equation for the
mean part of the representation.

By considering the inner product of the evolution equation (15)
with each of the fields {u;(x, t)};_; we have

dii(e, t) dYi(t; w)
<at, u;(e, t)> + —a (uie, £), uj(o, 1))
+Yi(t; ) <w u;(e, t)> = (L[u®, t; 0); @], uj(e, 1)).

Now, the second term on the left hand side vanishes because of or-
thonormality except one term for which i = j. Moreover, the DO
condition implies that the third term vanishes completely. There-
fore we have the family of s stochastic differential equations

d;(t; ) +<aa(., t)

dt ot
j=1,...,s.

, Uj (e, t)> = (L [ue, t; w); @], uj(e, 1)),

Note that by using (13) or by applying the mean value operator to
the above equation, we obtain
oti(e, t)
ot
j=1,...,s.

, uj(e, t)> = E”[(£ [u(e, t; w); ®], uj(e, 1))],

The quantity (242 u;(e, 1)) expresses the variation of il towards
directions of the stochastic subspace Vs. Hence, the equation for
Y(t; w) will take the final form (12).
As a next step, we multiply equation (15) with Y;(t; w) and ap-
ply the mean value operator to get
dYi(t; w)
E® [TYj(t; w)] ui(x, t) + E¢ [Yi(t; o)Y;(t; )]

=E?[£[u(x, t; ®); 0] Yi(t; w)]

au;(x, t)
at

which can be written as

au;(x, t)

- . + CdY- )
at a4e

= B [£ [ux, t; w); 0] Yi(t; )] (16)

Crioy;o Y0 ui(x, t)

where Crovi) = E“TY;(t; w)Y;(t; w)]. By considering the inner
product of the last equation with the field uy(x, t), and using DO
condition, we obtain an exact expression for Cay,),, ®

—dar Y

Cayn, = B [(£L U t; ); 0], u(e, ) ()] (17)
de  °J
Note that this result (17) can also be obtained from the definition

of Cav,(r) and from Eq. (12). Now, inserting the last expression

a0 Yi(©)
to Eq. (16) will result in the equation
Cyi(t)yj(t)% = E? [£ [u, t; o); o] Yj(t; a))]
— My, [E° [£ [u(x, t; w); o] Y;(t; »)]]
= My [E [£[u(x. t; 0): 0] Yj(t: w)]]
where

Iy, [FX)] = F(X) — (F(e), u(e, ) ux(x, £).

Moreover, since Cy, )y« is positive-definite it can always be in-
verted and therefore we obtain the final expression (14) for the
evolution of the fields u;(x, t).
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Finally, by applying the mean value operator on Eq. (10) for
X € dD we obtain the boundary condition for the evolution of the
mean field

B[u(g, t; ®)]lgeap = E“ [h(E, t; w)].

Additionally, by multiplying Eq. (10) with Y;(t; @) and applying the
mean value operator we obtain for x € 9D

E° [Yi(t; w)h(E, t; )] = Gty B [ui(§, )] lgeop-

Therefore,
B [ui(€, )] lgeap = E* [Yi(£; @)h(E, £1 0)] €5,y -

The initial conditions for the quantities involved are found by
approximating the initial field ug(X; @) by a truncated Karhunen-
Loeve expansion containing s terms. Therefore, the initial con-
ditions u;o(x) for the fields u;(x, t) will be the s most energetic
eigenfields of the correlation operator Cy(. t)u(. ¢y defined by the
eigenvalue problem (6)

/ Cuc.to)ut.t) X5 YUio(X)dX = Alup(y), y € D.
D

The initial conditions for the stochastic coefficients Y;(t; w) will be
given by the projection of the field uy (X; w)—1g(X) to the orthonor-
mal eigenfields u;o(x) as follows

Yi(to; @) = (ug(e; @) — ig(e), Ujp(e)) ,

and the initial condition for the mean field will be given by u(x, ty)
=1p(X) = E“[uo(x; w)]. O

As it can be easily verified the evolution equations derived
above are consistent with the DO condition that was initially as-
sumed. Also, the initialization procedure for our DO field equations
follows the multivariate ESSE approach, e.g. [58,59].

It should be emphasized that the knowledge of the full set
of quantities associated with the DO expansion, i.e. {Y;(t; w)}j.zl,
u(x, t), and u;(x, t) can lead, through simple random variable tran-
sformations [33], to analytic expressions of any statistical quantity
of interest (e.g. pdfs of velocity field at particular positions of the
domain, spectral representations of the stochasticity etc.) in terms
of these DO expansion quantities.

3.1. The case of independent increment excitation (white noise)

A special class of SPDE of great importance is the case where
the operator £ can be linearly split into a deterministic part and
a stochastic part having the form of derivative of an independent
increment process [60], e.g. Brownian motion or Poisson process.
More specifically we consider the special case of a system excited
by an independent increment (with respect to time) stochastic
process and having deterministic boundary conditions, described
by the evolution equation

ou(x, t; w) dW, (t; w)
T_i)[u(x t; w)]+;<l> (X, t)i
XeD, teT,we 2 (18)

u(x, to; w) = up(X; w),
Blu, t; w)] = hp(&, 1),

where D is a deterministic, differential operator, hp (&, t) is a deter-
ministic quantity defining the boundary conditions, {®,(x, t)}*_,
are deterministic, sufficiently smooth fields, and {W, (t; w)}f:1 are
taken for simplicity to be independent Brownian motions (altho-
ugh the proof follows exactly the same steps for general indepen-
dent increment processes). In this case an alternative description

XeD, we R
EcdD, we R

of the stochasticity inside Vs, can be given in terms of the proba-
bility density function fy(y1, 2, . . ., ¥s, t) for the stochastic vector
{Y;(t; a))}jzl. For simplicity in what follows we will also use the
following notation

DIUX, ), Y(t; w)] =

D |:ﬁ(x, t) + Z Yi(t; w)u; (X, f)]
i1

= D [uX, t; w)]
with U(x, t) referring to the s 4 1 fields u(x, t), {u;(x, f)}f:p We
then obtain the following result.

Corollary 2. Under the assumption of the DO representation the SPDE
(18) is reduced to the following system of equations

o _ 0 .
— f fi(v, )D [U(e, t), v]dv, u;(e, t)>:|

]RS

1 02

250y ‘[fvojjm] (19)
Bu(x t)

/fy(v D [UX, t), v]dv, (20)
ou;(x,
% =1, [/ Ufy (0, £)D [UX, 1), V] dv] wove 2D

RS

where Q;(t) = (P (e, 1), ui(e, 1))(Pr (o, 1), uj(e, t)) and Cy,yy;r) =
fRs vivfy (v, t)dv. The associated boundary conditions have the form
B [ﬂ(§7 t; (U)] |§EBD = hD(E’ t)

B [u;i(§, )] lgeap = 0

and the initial conditions are given by

fY(y; t()) = fYO (Y)

u(x, to) = E” [up(x; w)]

ui(X, to) = uip(X)

foralli=1,...,s whereuj(X) are defined in Theorem 1 and fy, (y)
is the probability density function associated with the random vector
Yi(to; @) = (ug(e; w) — tig(e), Ujg(e)).

Proof. By using the special form of the SPDE (18) and the zero-
mean property of the Brownian motion we obtain from Eq. (12)

T _ (o 1uex, 0, ¥t 0]
—E® [‘D [u(xa t)a Y(tv CU)]] ) ui(.v t))
dW,(t; )
+ <(pr('7 t)v ui(.! t)) T

This last equation is an Ito stochastic differential equation and can
be written equivalently as a transport equation for the probability

density functionfy(w,yz, ce Y, b)
aaff: + W [y {(D[Ue, 1), y] — E“[D[U(e, 1), Y]], ui(e, 1))}]
1 02
=3 o, [fy (Pr (o, 1), ui(o, 1)) (@1 (o, 1), uj(e, 1))] . (22)
Note, that

EC[D[UX, 1), Y(t; w)]] = / fy(v, D [U(x, t), v]dv
Rs



2352 T.P. Sapsis, P.FJ. Lermusiaux / Physica D 238 (2009) 2347-2360

and hence Eq. (19) follows. Equation for the mean field follows
directly from the corresponding equation (13) and the zero-mean
property of the Brownian motion. Finally, using Eq. (14) we obtain

au;(x, t)
ot

1, [@r(-, ), ui(e, 1)) Ew[

= Iy [E°[D [u(x. t: )] Y;(&: ) ]] €y

dW, (t; w) ~1
e (GO Loner

The second term on the right hand side vanishes due to the non-
anticipative property of Brownian motion [11]. Moreover,

£ [Dlutx. 60 %(6: )] = [ uf(v. 02 [u(x. 0. vl .
RS
Additionally, for the boundary conditions, we obtain from

Theorem 1
B[ui(§. O] lgean = E* [Y;(t: @)hp (€, )] 5y,
= hp(&, OE” [Yj(t; )] €y yy, ) = 0.

Therefore, Eq.(21) follows. Finally the initial conditions are defined
as in Theorem 1 with the stochastic vector Y;(ty; ) = (ug(e; w) —
tg(e), ujp(e)) described now by the associated probability density
function fy,(y). O

Note that a transport equation for the probability density func-
tion can also be obtained for the case of general time correlation
structure for the excitation using recent results for stochastic dy-
namical systems [61,62].

4. Consistency with existing methodologies

The derivation of our new dynamically orthogonal field Eqgs.
(12)-(14) was based exclusively on the representation of the solu-
tion by the DO expansion. In what follows, we show that by impos-
ing additional restrictions on the representation, either those of the
PC or the POD expansion, we recover the set of equations that are
obtained for each of these expansions. Therefore, the DO field Eqs.
(12)-(14) can be considered as a general methodology that unifies
two of the most important and widely used methods for evolving
uncertainty in stochastic continuous systems governed by a SPDE.

4.1. Generalized polynomial chaos expansion

In the generalized PC method, introduced by Xiu and Karni-
adakis [54] the stochastic processes {Y;(t; a))}j:1 are chosen a pri-
ori and often fixed in time, based on the statistical characteristics
of the system input process. Specifically, the stochastic processes
are chosen to have the statistically time-independent form

Yi(t; ) = j(¢(w)) (23)

where @; are orthogonal polynomials from the Askey scheme and
¢(w) are given random variables [54]. In this case, the following
orthogonality relation in the random space holds between the
stochastic coefficients

E” [#i(£(0)Dj (£ (@) ]| = E° [®i(5(w))?] 8.

The reduced order PC equations (e.g. [46,47,63,48,64]) are usu-
ally derived by substituting a representation as (7) but with the
stochastic coefficients given by (23) to the SPDE (8) and then pro-
jecting it to the stochastic orthogonal basis functions @;(£(w)) us-
ing the inner product. Following these steps we obtain

ou;(X, t;
E° [@1(2(0)?] w

=EY[£L[u(x, t; 0); 0] Di(§(w))]. (24)

To now show that the DO expansion can reduce to the PC ex-
pansion, we start from the DO field Egs. (12)-(14) but we restrict
them with (23). Then the equation for the stochastic coefficients
{Y;(t; a))}j.:] is not used since those are chosen a priori in a classic
PC equation. Then, our equation for the mean field (13) provides
directly the equation in the set (24) that corresponds to @;(¢{(w))
being the constant polynomial. Finally, to obtain the remaining
equations in (24), we start with the third of the DO field equations
(14) in the form

8Uj(x, t)

— = EC [£[u(x, t; 0); ®] Y;(t; »)]

Criorvio)
— My, [E° [ £ [u(x, t; w); o] Y;(t; ©)]] . (25)

But, from (17), we have E“[(L[u(X, t; ®); @], uk(e, t))Y;(t; w)] =

Cav, = 0 since the stochastic characteristics of ®;(¢(w)) do

ar Y©
not [change with time. Therefore, we have Iy [E“[L[u(X, t; w); w]
Y;(t; w)]] = 01in (25). Hence, Eq. (25) and the mean equation (13)
reduce to the family of PC equations (24).

4.2. Proper orthogonal decomposition

The POD method uses a priori chosen fields {u;(x) }j:1 ,generated
either from an ensemble of experiments or from direct numerical
simulations [35] and provides equations either for the stochastic
or the deterministic coefficients {Y;(t; w) }jzl. In what follows we
show how our DO equations reduce to the standard POD method
(given the standard POD assumptions) for the stochastic case since
the deterministic equations follow as a special case.

In a standard POD method, one chooses an expansion having
the form

U, £ @) = ) Xi(t; 0)i(x) (26)
i=1

where {uj(x)}j:1 are fixed, orthonormal fields and {X;(t; w) }j:1 are
stochastic processes (in general with non-zero mean). The reduced
order POD evolutions equations are then usually obtained by
Galerkin projection of the original SPDE (8) onto the orthonormal
fields u;(x). In this way we obtain the set of equations

W = (L[u, t; 0); @], uj(x, 1)). (27)

To now show that the DO expansion can reduce to the POD method,
we start from Theorem 1 and the DO field equations but we restrict
them with (26). We consider just Eqs. (12) and (13) since {u;(X) };:1
have already be imposed from the POD method. Moreover, we note
that the coefficients {X;(t; w) }j:1 of the POD method are connected
to the stochastic coefficients {Y;(t; w)}]s‘:l of Theorem 1 through the
relation

Xi(t; w) = Yj(t; o) + (u(x, t), uj(x)) .
Then, by differentiating X;(t; ) and using Egs. (12) and (13) we
recover Eq. (27)
dX;(t; w) dY;(t; w) dux,t)
dt a < TR t)>
(£ [u(e, t; 0); @] — EC[L [u(e, t; w); w]], uj(e, 1))
+ (E° [ £ [u(x, t; ®); o], u;(x, )
= <£ [u(e, t; w); w], uj(e, t)).
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5. Dynamically orthogonal field equations for Navier-Stokes

In this section we illustrate how the derived DO field equations
can be used for the solution of the stochastic, two-dimensional,
Navier-Stokes equations. In what follows we consider incompress-
ible flows in two different situations: a flow in a cavity and a
flow past a circular cylinder with deterministic boundary condi-
tions and the stochasticity introduced exclusively through the ini-
tial conditions of the problem.

5.1. Formulation of the field equations

We denote with u(x, t; w) = X, t;w), v(x,t;w))T and
p(X, t; w) the random velocity field and the pressure field re-
spectively. For two-dimensional Navier-Stokes flow the governing
equations have the form

LA  duw)

ou Jdp 1
P_ A

at + ax ~ Re ! ax ay
v op 1 duv)  A(?)
— + = = —Av — —

at  dy Re ax ay
ou n dv _0o

ax oy

8 [ulsp] = hp(§, 1),

where B is the linear operator representing the boundary condi-
tions. Using representation (7) for the random field we will have

ux, t; @)\ _ (ii(x, t) o (uix, )
(v(x, t w)) = (f)(x, r)) + ;Y'(t’ ®) <v,—(x, t)) :

Moreover, the inner product will here have the form

EecdD

(U] (.7 t; (U), uZ(.9 t; CU)) = / uq (Xv t; CL))UZ(X, t; w)dx
D

+ / v1(X, t; w)va(X, t; w)dx.
D

Inserting the above representation in the continuity equation we
obtain

V.ax, t) + Z Yi(t; )V - wi(x, t) = 0.
i=1

But since Y;(t; w) is random the above equation has the equivalent
form

Vaix,t) =0
Vax,t) =0

(28a)

i=1...,s. (28b)

Then using the DO representation, we obtain the form of the evo-
lution operator £

d p:
Lufux L o) 0] = _ﬂ‘f'Fo-l-Yi(t;a)) _£+Fi
0x ) ax
V(G o)t o) |~y
B )" v
d Ip:
Lo [ulx, & w); 0] = _ﬂ‘f‘co-l-yi(f; ) —ﬂ-l-Gi
By ) ay
= Yi(t; 0)Yj(t; @) _ by + G
i Ty i

where the definition of the fields on the right hand side is given in
Appendix A.

5.2. Stochastic initial conditions

The initial conditions are assumed to consist of a mean field
uo(x) that will be described later for every particular flow, and
a stochastic part having the form Zle Yio(w)ujp(X) where the
random variables Yjy(w) are zero-mean, independent Gaussian
and the fields u;jp(x) are taken to be the eigenfields of a given
correlation operator C(X, y) having the form

Cx,y) = M(x,y)C(r)

where r is the Euclidean distance between the points (X, y), and
M(X,y) is a mollifier function which takes unit values away from
the solid boundaries and vanishes smoothly close to them. By
writing the correlation operator in this form we assure that initial
states are consistent with the deterministic boundary conditions.
In what follows we assume that C(r) has the special form [65]

C(r) = (14 br 4 b*r?/3)e™

where the constant b is taken to be equal to L~', with L being
a characteristic length of the flow. The variance of the random
variables is chosen based on the energy levels of the mean field
so that it is comparable or larger in order to illustrate the potential
of the method for larger energy stochastic perturbations.

5.3. Numerical solution of the evolution equations

The numerical discretization of the DO field equations can
be performed using any method suitable for the deterministic
Navier-Stokes equations. Here, for simplicity we employ a stag-
gered grid combined with a donor-cell discretization scheme for
the spatial derivatives. For the time discretization, we used Euler’s
method resulting in an explicit scheme for the velocities and an
implicit scheme for the pressure (the full scheme is described in
detail in [66]).

The numerical solution of the SDE for the processes Y;(t; w) was
performed using a particle method [21] with 5 x 10 particles. Note
that since the SDE has s dimensions (with s = 5 in the applications
shown below) the computational cost for the evolution of this SDE
is very small compared to the overall computational cost involving
the Navier-Stokes-based equations for the mean and s basis fields.
Moreover, the calculation of all field quantities that involve the
mean value operator E“[e] in Egs. (13) and (14) can be done in
terms of statistical moments of the stochastic process Y;(t; w)
when we use the expressions for the evolution operator derived in
the Appendix A and the linearity of the mean value operator E“[e].
For the Navier-Stokes system the equation for the mean field (Eq.
(13)) requires only the computation of second order moments of
Y;(t; w) while the calculation of the rhs for Eq. (14) requires also
the third order moments of Y;(t; w).

5.4. Application results

In this section we present the results of the DO field equations
applied to numerical simulations of two types of flows described
by the Navier-Stokes equations. The stochasticity is introduced in
both applications through the initial conditions which here also de-
fine the dimensionality s of the finite expansion (7) used in the DO
equations. In the first application, we consider a lid driven cavity
flow in a square domain with deterministic boundary conditions.
As a second application, we simulate a two-dimensional flow past
a circular cylinder with deterministic inflow velocity.

5.4.1. Cavity flow
As afirst application we simulate a driven cavity flow in a square
domain. The physical configuration (Fig. 1) consists of a square
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e

u=tu,, v=0

u=v=0

Fig. 1. Driven cavity flow, problem configuration.

container filled with a fluid. The lid of the contained moves at a
given, constant velocity, thereby setting the fluid in motion. No-
slip conditions are imposed on all four segments of the boundary
with the exception of the upper boundary, along which the velocity
u in the x-direction is set equal to the given lid velocity u, to
simulate the moving lid. The length of each side is L = 1 and the
Reynolds number of the flow is taken to be Re = 1000.

For the stochastic computation the lid velocity is taken to be
up = 1.5 while in the DO expansion (7) we retain 5 modes which is
equal to the stochastic dimension of the initial conditions. The flow
fields associated with the initial conditions uy(X; w) are shown in
Fig. 2 in terms of the streamfunction.

By evolving all parameters of the system using the DO field
equations we compute the complete five-dimensional probabilis-
tic structure of the stochasticity inside Vs. In Fig. 3 we show the
evolution of the principal variances ol-z (t), i = 1,...,5 which
are the eigenvalues of the correlation operator Cy,)y;(r) (blue solid

Meany(x.t,)
10
08
06
04
0.2
0

0 0.2 04 0.6 08 10

‘P3(x=t0)

w,(xt)

waxt)

Variance/Energy
04

time

Fig. 3. Evolution of principal variances aiz(t), i=1,...,5(blue curves)and mean
field energy (red curve) for the flow in a cavity. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)

curves). They provide a direct measure of how the stochastic en-
ergy evolves with time. The red solid curve is associated with the
deterministic kinetic energy of the mean flow field, i.e. the quan-
tity (u(e, t), (e, t)). We observe that the stochastic energy de-
cays almost monotonically after some initial transient interactions,
while the energy of the mean field slowly grows towards a steady
limit. This is an expected behavior if we consider the fact that the
deterministic cavity flow possess a stable attractor which is char-
acterized by a steady velocity field. Therefore, in the absence of
external stochastic excitation it is fully expected to have con-
vergence of the system to this deterministic, one-dimensional
attractor. The mean fields u(x, t) and orthonormal basis fields
u;(x,t),i = 1,...,5 are shown in Figs. 4 and 5 for two different
time instances both in terms of the streamfunction and vorticity.
For the same time instances we present three out of the five two-
dimensional marginals associated with the stochastic processes
{Y;(t; w)}i.

w.(xt)

Wﬁ(xlt:)

.'
-
-

Fig. 2. Initial conditions for the mean and the basis of the stochastic subspace Vs in terms of the field streamfunction.
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Fig. 4. Mean field and basis of the stochastic subspace Vs in terms of the streamfunction and vorticity field; two-dimensional marginals of the five-dimensional joint pdf

f(y, t)attimet = 2.

Finally, in Fig. 6 we compare the mean streamfunction com-
puted using the 5-modes DO method with the one obtained by
Monte Carlo simulation initialized with the ESSE methodology and
using 250 and 500 samples. We observe that as we increase the
number of samples used for the Monte Carlo simulation we obtain
better agreement with the DO mean estimate.

5.4.2. Flow past a circular disk

Here we consider the flow past a disk immersed in a channel.
The inflow velocity at the left boundary has a parabolic profile with
a maximum value u = 1.5; the disk measures d = 1 in diameter
and is situated at a distance of 1.5 from the left and 1.6 from
the upper boundary. It is well known that for two-dimensional
flow past a circular cylinder, the first critical Reynolds number is
around Re ~ 40, where the flow bifurcates from steady state
to periodic vortex shedding [67]. Here, we consider the case of
Re = 100. A typical realization for this case is shown in Fig. 7. The
stochastic initial conditions are described by the mean field and the
stochastic subspace basis fields. They are all shown in terms of the
streamfunction in Fig. 8.

The principal variances aiz(t),i = 1,...,5 (eigenvalues of
Cy,vv;r)) (blue solid curves) and the kinetic energy of the mean
flow field (red solid curve) are shown in Fig. 9. In this case, we find
a more complex evolution of the stochastic energy characterized
by oscillations and non-monotonic behavior. The evolution of the
kinetic energy associated with the mean field is also more complex.

The mean fields u(x, t) and orthonormal basis fields u;(x, t), i =
1,...,5 are shown in Figs. 10 and 11 for two different time in-
stances in terms of the streamfunction. For the same time instances
we also present four out of the five two-dimensional marginals as-
sociated with the stochastic processes {Y;(t; w)}jzl. As we can ob-
serve, the basis fields u;(x, t) are mainly distorted at locations close
to the solid boundaries indicating that the main interaction of the
stochastic subspace Vs and the mean flow is taking place close to
these locations and especially the circular obstacle. This behavior
has also been reported in previous work based on generalized PC
method [47]. Larger interactions also occur where the mean vor-
ticity is larger and where meanders and eddies form downstream.

Finally in Fig. 12 we compare the mean streamfunction
computed using the presented method with the one obtained by


















